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NOTATIONS AND CONVENTIONS
It is convenient a t this time to introduce certain conventions which will 
be used throughout this dissertation, except where indicated otherwise. In 
this work, it will be necessary to be able to distinguish between quantities 
associated with the neutron (the spectator particle) and those associated with 
the proton and its excited states (members of a tower of states). Thus, we 
shall use the subscript o to indicate quantities associated with the neutron, 
while quantities associated with the ith tower member, such as masses, will 
be given a subscript i. The exception to this rule is the four-momentum 
of the neutron, which will be labeled with n, to avoid confusion with the 
0t/l component of other vectors. The tower particle four-momentum shall be 
written without subscripts, for convenience. It is im portant to realize that 
the quantities mi = m 0 = 0.93825 GeV will be used interchangeably, with 
m Q appearing most often. We shall use when it is necessary to remind 
the reader th a t we are referring to the first tower member, the proton. We 
will also follow the usual convention that repeated indices are summed over. 
Outgoing momenta are distinguished from incoming momenta by the use of
x
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
the prime, and unspecified momenta are generally denoted by k, without 
subscripts. Finally, quantities written in bo ld  face are three-vectors.
xi
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THE TOWER OF STATES MODEL
An Exploration of the Effect of Higher-Order Resonances on the 
Nucleon-Nucleon System
ABSTRACT
A new model of the nucleon-nucleon interaction which employs a tower 
of charged nucleon resonances is explored in the simplest possible frame­
work. The model is manifestly covariant, relativistic, analytically solvable, 
and gauge invariant. Three variants on the model are presented: one employs 
a tower consisting of the proton only, the other two have a three-member 
tower consisting of the proton, the Roper, and the D13. Nucleon-nucleon 
data below 350 MeV are well described by these tower models, and the 
deuteron wave function and form factor are also calculated. Models con­
taining large inelasticities are also explored. A complete presentation of the 
development of the model is given, including a calculation of the inclusive 
deuteron electrodisintegration cross section, followed by current results and 
future prospects.
xii
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Chapter 1
OVERVIEW
1.1 Introduction
In this era of Quantum Chromodynamics, quark-gluon plasma, and super- 
symmetric particle searches, the upcoming members of the physics commu­
nity may well question the relevance of continued study of the two-nucleon 
(ArN ) system. And yet, it is the study of this simple problem in few-body 
physics that permits us to extend our reach to such lofty subjects as those 
mentioned above. The N N  system is the most basic of nuclear systems, and 
forms the foundation upon which our understanding of the physical world 
is based. All of atomic theory, the study of nuclei, should in principle be 
derivable from a thorough understanding of how two nucleons interact. N N
2
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3physics provides us with a simple starting place from which to develop our 
phenomenology. Scattering can be studied very effectively, and the deuteron 
provides us with an opportunity to study the phenomena of bound states in 
the simplest possible case: there is only one bound state in the N N  system, 
and it is only just bound [1]. Deuteron photodisintegration has been used as 
a benchmark test for relativity [2]. Simple, yet powerful, is the N N  system; 
it can provide us with an explanation for the existence of neutron stars, su- 
pemovae, and indeed, the very world around us, including ourselves [3]. Such 
a system is always worth continued exploration; the more we learn about the 
N N  system, the further we can take our understanding of far more complex 
phenomena.
Now that first results from experiments performed a t the Thomas Jeffer­
son National Accelerator Facility (Jefferson Lab) are becoming available, we 
find ourselves able to explore the details of the nucleon-nucleon interaction 
as never before. As we delve deeper into the intricacies of the N N  system, 
we may find ourselves exploring such diverse aspects of the system as the 
contributions of quarks and gluons, meson exchange currents, and perhaps 
excited states of the nucleons themselves. Indeed, as of February 1996, there 
were twenty-nine experiments approved at Jefferson Lab on few-body nuclear 
studies and properties of nuclei [4]. These new experiments will help us to
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
4understand the nature of the forces governing the N N  system, as well as 
teach us about the proton and neutron themselves. W ith the prospect of 
daily operations at energies up to 10 GeV, we will be able to extend our 
knowledge of the deuteron form factor and photodisintegration process to 
the highest energies currently available [5]. In addition, there is a  strong 
program in place at Jefferson Lab for the detailed study of excited states of 
the nucleon [6]. It is to these nuclear resonances tha t we wish to tu rn  our 
attention. We are now able to reasonably ask the question: what effect, if 
any, do the higher-order resonances of the nucleon have on the low energy 
description of the N N  system? In order to begin to answer such questions, 
we must first have simple, dynamical models from which to predict effects 
th a t might be seen at places like Jefferson Lab.
There have been great strides made in the description of the interaction 
between two nucleons, and indeed, current available models are extremely 
powerful and accurate. There were bumps along the way, however, some 
of which still exist today. It is our intention to offer in this work not an 
alternative to the existing models, but a  complementary view, one which 
may provide some insight into the few remaining difficulties in few-nucleon 
physics. It is useful at this point to present a brief history of the development 
of models of the N N  system, highlighting the difficulties these models have
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
5faced, and how nucleon resonances could be brought into play in resolving 
these difficulties.
The history of the modem N N  potentials begins in 1935, with Yukawa [7]. 
At that time, quantum electrodynamics was already successfully describing 
the electromagnetic interactions between charged particles via the exchange 
of virtual photons. Yukawa hoped to  extend this idea of the exchange of 
virtual particles to describe the short-range force between neutrons and pro­
tons in the atomic nucleus. Assuming that the particle to be exchanged had 
mass m, Yukawa knew tha t the uncertainty principle would limit the distance 
such a virtual particle could travel to R  ~  1/m . Or, in a somewhat more 
quantitative fashion, we may use the Klein-Gordon wave equation,
to describe the propagation of a spinless particle of mass m  in free space. To
of this virtual particle, we eliminate the time-dependent term in Eq. (1.1), 
giving, in spherically symmetric form,
V 2^  -  m 2ip -  ^  =  0, ( 1. 1)
obtain the form of the static potential U which may describe the exchange
( 1.2)
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for values of r  > 0 from a  point source at the origin. Solving this equation 
gives
U{T) =  £ e" * ' (L3) 
where the range of the potential, R  =  1/m , as before. Yukawa used this rela­
tion between the range of the potential and mass of the associated exchanged 
particle to predict the existence of the pion at approximately 100 MeV. In 
1947, the 140 MeV mass pion was confirmed, somewhat prematurely, as the 
carrier of the strong force.
The heralding of the pion as the carrier of the strong force was only 
partially correct. One-pion exchange did a fine job of describing the tensor 
part of the strong force, but its central force was about ten times smaller 
than that which could be inferred from a phenomenological analysis of N N  
scattering data [8]. Clearly, the pions were doing some of the job, but not 
all of it. It was found that additional exchanged mesons could be described 
by effective Yukawa potentials by comparing the nonrelativistic limit of the 
lowest-order 5-m atrix for such exchanges; shown here for a scalar particle,
Sfi = -i0s(27r)464(fci +  k2 -  k3 -  — o^a(k3)Ua(kl) u b(.kA)ub{h2),i c£ qz + m~
(1.4)
where the momenta and the isospin indices are defined in Fig. 1.1 and Q is 
the quantization volume; with the 5-matrix for the same process in nonrel-
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
k2
Figure 1.1: Basic one-boson exchange diagram. This diagram defines the 
momenta and isospin indices for Eq. (1.4). In general, one would also require 
the diagram with the final, outgoing identical nucleons exchanged.
ativistic scattering [1],
S ™  = j^(27c)454(ki -I- k2 -  k 3 -  k4)Ve f f (q). (1.5)
Comparing Eqs. (1.4) and (1.5), we can see that the effective Yukawa po­
tential for the exchange of a scalar meson is
''.//(«) = S 2,-A-2- (1.6)q* + m f
Fourier transforming this equation to position space, we obtain the expected 
result,
^//M = h-D
This process can be repeated for many other types of exchanged mesons:
o2a  (neutral scalar) Vctr =  — — e m‘r
47r r
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8ui (neutral vector) Ve/ f  =  J h -ern»r (1.8)
9o 1 -  _ _p (isovector vector) Ve/ f  = — fi • f^e TnpT-m pr
7? (isovector pseudoscalar) K / /  =  ^ - ( ^ L \  - ( f t • r 2) e m' r
x <Tl • 0"2 +  *S'i2 1 + m^r (m^r)2
We now proceed to the 1960’s, with the advent of the highly successful 
one-boson exchange potentials (OBEP), which are used to describe the N N  
system today [9]. Although the OBEP (such as the early Nijmegen potential) 
described the system very well, substantial problems did exist. One of the 
primary difficulties with the OBEP was tha t most of the models required 
the existence of the sigma, an unphysical scalar-isocalar meson, in order to 
correctly describe the phase shifts. These models were also restricted to 
using the ladder approximation, although it was known th a t some of the 
multi-meson exchange diagrams wrould contribute significantly.
Work began on improving the OBEP situation. The Nijmegen group 
tried adding more mesons to the mix (initial models used the it, tj, p, u>, 6, 
and a) with only minimal improvement achieved. In the 1970’s came the 
Paris group, and their new OBEP models based on dispersion theory.
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
9The Paris models began with basic one-boson-exchange of the k and u> 
mesons, then added two-pion exchange to replace the a , as well as a phe­
nomenological short-range potential. Using this method, they were able to 
successfully eliminate the need for the <r, bu t introduced new problems. The 
new Paris models contained a large number of free parameters (on the order 
of 60), and thus, did very little to confirm that meson-exchange was indeed 
the correct process to describe the N N  system. In fact, a t short range, the 
meson exchange portion of the model was completely overwhelmed by the 
phenomenological potential, giving no information at all about the effective­
ness of meson exchange at short ranges. Finally, because the Paris approach 
was based on dispersion theory, the model could provide no off-shell informa­
tion about the nucleons. This information is necessary for nuclear structure 
calculations, which is of course where one would like to put these models 
to eventual use. Still, the Paris models and others like them did much to 
improve the situation.
In the 1980’s, a more field-theoretical approach was tried by several peo­
ple, including the Bonn group. This new approach eliminated the restric­
tion to ladder diagrams only, including several two-meson irreducible graphs. 
Once again starting with single n  and u  exchange plus two-pion exchange, 
the Bonn models also avoided the problems caused by the use of dispersion
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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theory. However, both the Bonn- and improved Paris-type models suffered 
from the same problem: too much attraction in lower partial waves. Paris- 
type models repaired this problem phenomenologically, while in the Bonn 
models, the addition of several more two-meson irreducible graphs solved 
the problem nicely.
Thus we reach the present, where modem versions of the Nijmegen, Paris, 
Bonn and many other potentials, such as the new potentials of the Argonne 
group, successfully describe the N N  system. However, as these potentials are 
put to use in nuclear structure calculations, one can see that problems still 
exist. Most prominent is the underbinding of the triton, in some cases, by as 
much as 1 MeV. This difficulty may be the result of the off-shell behavior of 
the N N  potentials, or it may show the need for additional relativistic effects 
or three-body forces.
During this development, the possibility of contributions from nucleon 
resonances has not been ignored. In fact, it was shown that isobar transitions 
can be used to eliminate the need for the cr meson. Ho-Kim and Turcot found 
that transitions to the A (1236) isobar dominated over those to other nucleon 
resonances, and could replace in part the a  meson exchange contributions 
[10]. It was also known tha t N N  — *• NN*  effects play a  significant role 
in the calculations of nuclear matter. Indeed, N* contributions can have a
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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sizable impact on the three-body forces which may be required to successfully 
describe the triton and other nuclei [11]. Thus we can see th a t the possibility 
of significant contributions from nucleon resonances to diverse aspects of the 
N N  system is not an unusual idea. In the remaining sections of this chapter, 
we shall provide a general overview of our new model, including the tower 
of states concept and the properties of the model. Subsequent chapters will 
provide a full discussion of the theory, specifics of the models considered in 
this work, and numerical results and discussion thereof. In the final chapter, 
we shall summarize the major conclusions of this work.
1.2 The Tower o f S tates Concept
An introduction to the tower of states concept seems in order. The tower 
of states itself is built out of nucleons and their resonances. In principle, 
the tower could contain any combination of these states, organized according 
to mass. That is, the lowest mass state is labeled tower member one, the 
next most massive state is tower member two, and so on. Table 1.1 gives an 
example of a typical tower of states. Note that no strange baryonic states 
have been included, indeed, we restrict the tower to contain only non-strange 
baryons. We also insist th a t the tower contain either the proton or the 
neutron, but not both. Such a tower of states is possible because it is known
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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Table 1.1: A sample tower of states.
Tower Member Name Mass (GeV)
1 proton 0.93825
2 A (1232) 1.232
3 Roper 1.44
4 A(1600) 1.6
that the proton is not a fundamental particle, but a  composite of (primarily) 
three quarks. Thus it is reasonable to expect that interactions with other 
particles and photons could excite one or more of the valence quarks, resulting 
in an excitation of the proton to a higher resonant state.
Now that we have defined the tower itself, we can begin to discuss the 
tower of states model. The tower of states model is built upon the idea that, 
in the process of repeated scattering with one nucleon, another nucleon may 
“sample” any one of its higher order resonances as defined in the tower. Fur­
thermore, additional interactions may cause further samplings of the tower, 
into either higher or lower states. As an example, let us assume th a t we 
have a proton and a neutron, and that the proton is a member of the tower 
of states defined in Table 1.1. We do not at this time consider cases where 
both nucleons may sample such a tower; this would require the inclusion of 
additional, more complicated processes, which need not be considered in this 
simple exploration. Indeed, in the work presented in this dissertation, the
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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neutron will be treated as a  spectator particle, completely non-identical to 
the proton. Thus, inclusion of a tower associated with the neutron would de­
stroy the simple dynamics possible using the spectator equation. Therefore, 
only charged nucleons will be capable of sampling a tower of states in this 
work.
Now, assume th a t the proton and neutron interact through some basic 
potential, causing the proton to become a virtual Roper for a short period of 
time before interacting again with the neutron. Upon this second interaction, 
the virtual Roper may become a virtual A(1600) or a  proton again. We seek 
to explore the effects that such sampling may have on various properties of 
the N N  system, particularly the properties of the deuteron.
1.3 Properties o f th e M odel
We are now ready to define more clearly the properties of our new model. 
As mentioned before, we do not intend for this model to replace the existing 
successful models of the N N  system, but to be a companion to such models. 
Therefore, our tower of states model must be compatible with highly suc­
cessful theories of N N  interactions [12]—[27] which have gone before. Indeed, 
we would like to incorporate the best of these models into our new model. 
When working at the level of several GeV, as a t Jefferson Lab, one must use
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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relativistic equations. We would like our model to be analytically solvable, 
allowing for simple calculations of various properties of the N N  system. Fi­
nally, we must incorporate gauge invariance directly into the definition of our 
model. Experience has shown us th a t such properties are indispensable if a 
model is to be applicable across a wide range of systems and interactions.
We also wish to keep this first exploration of the contribution of reso­
nances as simple as possible. In keeping with this idea, we choose to neglect 
spin (all particles in the following discussions are scalar), and use a basic 
four-point interaction diagram as our kernel. We also include a  Tabakin- 
style form factor, similar to the one used by Rupp and Tjon [28], in order to 
include ail of the contributions of meson exchange, without actually having to 
deal with its complexities. In this way, we can be assured that any differences 
between our models which include higher resonances and those which do not 
are due to the presence of the resonances. Clearly, if differences between 
these models can be seen even at this basic level, then further investigation, 
with more complicated systems, is warranted. Furthermore, we model our 
dynamics after the manifestly covariant dynamics of Tjon and collaborators 
[29]—[32] in our development of the tower of states model. Finally, we choose 
our tower of states to consist of the proton and its charged excited states.
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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f f p )
o o
Figure 1.2: Basic tower of states interaction. This diagram forms the kernel 
of the equation describing the scattering and bound states of the system. 
The cross on the neutron lines denotes that the particle is on the mass shell.
Note that, in such a formalism, we must treat the proton and neutron as 
completely non-identical particles.
As a brief overview of the techniques used in formulating our model, we 
begin with the most general form of the relativistic scattering equation
M  =  V +  [  V G M , (1.9)
where V is the relativistic kernel, G is the propagator, and f k is specified by 
choosing a particular formalism, such as Bethe-Salpeter [33] or Blankenbecler- 
Sugar [34]. We choose the basic four-point interaction between a  member of 
the tower and a neutron shown in Fig. 1.2 as our kernel. Included on the
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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tower lines is a  Tabakin-style form factor
(1.10)
where
( i . i i )
This allows us to include all of the relevant meson exchange effects. We have 
chosen to neglect spin, so all particles have scalar propagators. Finally, we 
choose to work in the spectator formalism [8], [35]—[37], which has proven to 
be very useful in describing the N N  system [26],[27],[37]. This choice requires 
us to place one of the two particles (the neutron in this study) consistently 
on its mass shell, and exclude it from the tower of states. Therefore, the 
kernel of Fig. 1.2 has the form
These choices are not made arbitrarily. Each step has been specifically 
chosen to reduce the complexity of the system in some way. By constructing 
a very basic, separable kernel, we have ensured that we can solve for our 
M -matrix analytically (see Chapter 2 for the full details). Neglecting spin 
is, of course, an automatic reduction of complexity, useful for this first treat­
ment of the problem. As has been mentioned previously, we treat the proton 
and neutron as completely non-identical particles, allowing us to neglect the
( 1.12)
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electromagnetic interactions of the neutron for this first case. Restricting the 
neutron to be on shell and not allowing it to sample a tower of states elimi­
nates contributions from cases where both nucleons become excited. Finally, 
the choice of the spectator formalism allows for the immediate reduction of 
all integrations from four to three dimensions.
Once we solve the scattering equation, we may apply the general unitarity 
relation
M - M = [ m ( G - G ) M  (1.13)
Jk
to find relations for the relevant phase shifts. We then fit the free parameters 
of the models to the Nijmegen 1993 phase shifts below 350 MeV [38]. We note 
here that excellent fits may be obtained using one or three tower members. 
The three-member towers have slightly improved x2s over those using only 
the proton. We reserve presentation of these results until Chapter 4. We also 
wish to explore regions of large inelasticity with our tower models. Indeed, 
we shall find that the large inelasticity region will show the most dramatic 
effects of the resonances on the N N  system.
The above discussion outlines the strong interaction between the tower 
and the neutron; the free parameters which are fit are the strong form factor 
parameters and the strong coupling constants gij between tower members i 
and j. In order to prove that our model is gauge invariant, we must also
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(p+q) 11 ev /
Figure 1.3: The basic electromagnetic coupling between tower members.
consider the electromagnetic coupling between tower members =  Qje as 
shown in Fig. 1.3. We construct our electromagnetic currents such that we 
may employ the methods of Gross and Riska [39], allowing us to prove gauge 
invariance with relative ease.
We also wish to explore various aspects of the deuteron. The mass of the 
deuteron is not a parameter in our models, but a calculated quantity. Thus 
it will give us the first test of how well our models are doing. The deuteron 
form factor, another important quantity, shall also be calculated. To do so, 
we must calculate the M -matrix for the interaction of a photon with the 
deuteron, in both the tower case and the case of a pointlike deuteron, and 
compare the two. We shall find th a t the deuteron form factor provides an 
interesting benchmark for the contributions of the resonances to the N N  
system. Finally, we also wish to explore the disintegration of the deuteron.
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To th a t end, we shall make a  theoretical calculation of the inclusive deuteron 
electrodisintegration cross section.
We now proceed to the presentation of the full development of the tower 
states model in the general tower case. Later chapters will focus on our 
specific models and results.
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Chapter 2
GENERAL THEORY
In this chapter the general framework of the tower of states model will be 
presented. The relativistic scattering equation is obtained, and an analytic 
solution for the M -matrix produced. Locations of bound state poles axe also 
discussed. We then discuss the subject of unitarity and obtain relations for 
the phase shifts. Next, we develop the inelastic scattering matrix and the 
relations for the phase shift and the inelasticity parameter. Moving into 
a discussion of the electromagnetic aspects of our model, we begin with the 
derivation of the interaction current. We then explore the gauge invariance of 
the model. Finally, we turn to an investigation of the bound state, deriving 
the expression for the deuteron form factor and for the inclusive deuteron 
electrodisintegration cross section.
20
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2.1 Form o f th e  Tower o f States
It is useful to take a moment to briefly review our tower of states and the basic 
interaction which will form the kernel of our relativistic scattering equation. 
In this first, simple exploration of the tower of states concept, we choose to 
work with scalar, pointlike particles and contact vertices. Thus, we immedi­
ately have the need for strong form factors, to lend structure to our scalar 
nucleons and provide needed convergence for certain integrals.
We define our tower of states to consist of the proton and all charged 
excited states of the nucleon. The basic interaction we shall consider takes 
the form of a  contact interaction between the j th member of the tower of 
states and a neutron (see Fig. 1.2). This interaction takes the j th tower 
member into the Ith tower member via the potential
=  - iQ i j f  [x(p'n, D)] f  [x(pn, £>)], (2.1)
where x(pn,D) is defined by
(2.2)
ffij represents the strong coupling between the Ith and j th tower members, 
and D is the center-of-mass four-momentum. For simplicity, we shall use 
x  =  x(pn. D) and xf =  x(p'n, D)  for much of the work. When necessary, 
the arguments will be written in full, to avoid confusion. Note that our
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choice of form factor is not equal to unity when the particle is on the mass 
shell, which is different from most form factors. It is also im portant to note 
th a t the neutron is placed consistently on the mass shell a t all times, and 
is not a member of a tower of states. In fact, we treat the proton and 
neutron as completely non-identical particles; the photon has no coupling to 
the neutron in this simple, beginning model. It is because of this restriction 
th a t the neutron does not couple to a  tower in this model. If the on-shell 
particle is perm itted to undergo excitations or interactions with the photon, 
we would need to consider several additional diagrams in our calculations. 
In this beginning approach to this problem, it is convenient to forego such 
complexities and simply restrict the neutron as we have done.
2.2 A nalytic  Solution for th e  M -M atrix and  
B ound S tate W ave Functions
We would like to  find an analytic form for the scattering matrix [8], to simplify 
the calculation of phase shifts and other such im portant quantities. Let us 
begin with the most general form for a  two-body scattering equation
M (p,p';£>) =  V (p,p';D ) + f k V(p,k-,D)G(k,D)M(k,p'- ,D),  (2.3)
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where M is the scattering amplitude, V is the kernel, fk represents an integra­
tion over an unspecified four-momentum, and G is the two-body propagator. 
For the moment, we will keep our discussion completely general; the exact
forms of these terms will be discussed in Chapter 3.
Assuming th a t our kernel is sufficiently small, perturbation theory per­
mits us to obtain an iterative solution to  the above equation. This solution 
takes the form
M  = V +  J  VGV + J  J  VGVGV  +  " • + ( /  V g )” V +  • • •, (2.4)
also shown diagrammatically in Fig. 2.1. This may be recognized as a  geo­
metric series, which has a simple analytic form,
M = ( l - J  V g )  1 V. (2.5)
Note that because of the form of the kernel, each term in the sum (2.4) will 
contain a factor of f(x')f(x),  one form factor each for the incoming and out­
going tower member. It therefore becomes convenient to define the reduced 
M -matrix M ,  such that its elements are defined by Mt_? =  f(x')f{x)Mij .
It will be convenient to work with matrices in this tower formalism. 
Therefore, we wish to write Eq. (2.5) as a  m atrix equation. We define the 
reduced propagator matrix elements
Se=  f  P i.k)G c, (2.6)Jk
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+
+
Figure 2.1: Diagrammatic form of Eq. (2.4).
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where Q is a diagonal m atrix of propagators such that all the integrable terms 
are contained within its elements Go We also define an hermitian m atrix g 
such tha t its elements gij are the strong coupling constants defined in Section 
2.1. Therefore, using this m atrix notation, the elements of M. become
M i j  =  (1 -  g G )i t  9 i j (2.7)
We wish to locate the bound state poles (if any) of Eq. (2.5). Let the 
m atrix A  =  (1 — gG). We can then write
M  = C?9 det A ’
(2 .8)
where CT is the cofactor m atrix of A. The full M -matrix is therefore
(2.9)
W ritten in this form, we can clearly see th a t the locations of any bound state 
poles can be found simply by solving the equation det A  =  0.
We will also need to determine the bound state wave function. We begin 
by assuming tha t the bound state vertex function can be represented as
r(*) =
( \ 
Cl f { x )
O z f { x ) (2 .10)
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for as many tower members as we choose. We know th a t the integral equation 
for a bound state  is
r (p ,D )  = f k V (p ,k ;D )G (k ,D )r (k ,D ) ,  (2.11)
which can also be written as
[l -  J v ( p , h , D ) G ( k , D )  T ( k , D ) = 0 . (2.12)
Writing Eq. (2.12) in m atrix notation, we obtain
(1 -  gG)T =  0. (2.13)
The bound sta te  wave function is
<p =  MGT,  (2.14)
where A/Ms a normalization constant. Therefore, we need only solve Eq. (2.13) 
for a particular tower to determine the wave function in th a t case.
2.3 U nitarity
The most general unitarity relation, derivable from Eq. (2.3) [8], is
M - M  = j  M (G  -  G)M.  (2.15)
In light of our new definition of G, this equation becomes
M - M *  = M*(G -  G*)M, (2.16)
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a purely m atrix equation. Note that the bars may be changed to complex 
conjugates since there is no Dirac structure in the problem.
It is simple to see how the unitarity relations for each matrix element of 
M  will look. Clearly, they will have the form
-  QX)Mlh (2.17)
where the implied summation over I  runs over all members of the tower. The 
expression on the left-hand side comes from noting the fact that and Mf*- 
are merely complex numbers.
If we are below the production threshold for any tower member except 
the proton,
G  G*
Pi =  - - e =  0 except when I  =  1. (2.18)2i
This allows us to simplify Eq. (2.17) to
Im Mij =  (2.19)
For determining the phase shifts, we will be most concerned with the expres­
sion for M n ,
l m M n = p i \ M n \ 2. (2.20)
Note the similarity between Eq. (2.20) and the unitarity relation for the Ph 
partial wave in nonrelativistic scattering
Im/* =  (2.21)
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where K  is a  constant, usually equal to unity in nonrelativistic theory. We 
can therefore make the standard identifications,
f t  «- M n  (2.22)
allowing us to write
e**l sin<5i
M n  = -----------------------------------------------(2.23)
Pi
where
J W 2 -  4m 20
*  =  ~ m w ^ -  <2'24)
Using the definition of exp[i<5i] in terms of sines and cosines, we can write
, cosdisin^i .___ _ReMn  = --------     (2.25)
Pi
sin2
ImMn = ---------- •
Pi
Clearly, these can be combined to yield a single expression for Si,
* = arctan (£x£r) • (2 -26)
This is the general expression for the elastic phase shift. In order to fit to the 
phase shift data, we must be able to write the real and imaginary parts of M u
in terms of our free parameters. This shall be accomplished in Chapter 3.
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2.4 Inelasticity
We now wish to explore the inelastic scattering region for our tower model 
[40]. To do this, we reformulate the scattering matrix to  include the possi­
bility of inelasticity:
ne2iSl — 1
=  <2-27>
where 77 is the inelasticity parameter. It is important a t this time to point 
out several features of this equation. The inelastic param eter 77 is defined 
such that it is 1 in the fully elastic case, and decreases toward zero w ith 
increasing inelasticity. We therefore see tha t in the limit of 77 —» 1, we will 
recover the elastic equations of Section 2.3.
We now apply the relation for exp^z^] in terms of sines and cosines, and 
determine that the real and imaginary parts of Mi  are
ImMn =  — (77 cos 26i — 1) (2.28)
Pi
ReMn =  — —77 sin 28\.
Pi
Note that if we take 77 =  1 these equations reduce to Eqs. (2.25).
We now must also solve for 77, as well as <5i, therefore, we must solve
Eqs. (2.28) simultaneously. Doing so gives us the following expressions for 77
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and Si,
_  * ^ “  +  1 (2.29)
COS 2di
t ReAfutan  261 = —-— —------ j- .
ImAfu +  ^
We now have the inelastic expressions for the phase shift and the inelas­
ticity parameter. As in the previous section, we shall defer discussion of 
the specifics of obtaining the real and imaginary parts of the A/'-matrix until 
Chapter 3, when we define our specific tower of states models. It is important 
to note, however, that in this case, unlike the case in Section 2.3, we must 
consider the fact that we will be working above the production threshold 
of one or more of the tower members. The differences will become clear in 
Chapter 3.
2.5 T he E lectrom agnetic Interaction
In the preceding sections we have focused on the strong interaction properties 
of our new model. Now we wish to tu rn  our attention to the electromagnetic 
interaction. We want our model to be gauge invariant, right from the be­
ginning. In order to prove gauge invariance for this model, we will need 
to formulate the appropriate interaction currents. We do this following the
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method of Ito, Buck and Gross [41], and then proceed to prove gauge invari­
ance.
2.5.1 One B od y  Currents
It is helpful to begin by discussing the form of the basic electromagnetic 
interaction for the tower members (see Fig. 1.3). We will make several re­
quirements on the form of the electromagnetic current. First, we choose the 
form of the coupling between the photon and a given tower member such that 
eij =  Ciie > where e is the base electromagnetic charge, and Qj is a scaling 
factor. By definition, all Ca will be set equal to unity, while the off-diagonal 
terms will remain unspecified for the moment. Second, we choose to separate 
this current into diagonal and off-diagonal components. Thirdly, we require 
that the off-diagonal component of the current be transverse, that is, that 
=  0. Finally, we require that the diagonal component of this current 
satisfy a Ward-Takahashi identity [42],[43]. We express these restrictions in 
a compact fashion,
QtJij =  e [O f1 (p72) -  G j 1 (p2)] 6ij. (2.30)
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W ith these restrictions in mind, we write the basic electromagnetic current 
for the tower members as
jS =  +  C iA  ’ (2'31)
where P  = pf + p. The form factors F,y represent the structure of the current 
due to  the true (nonpointlike) nature of the tower members, and need not 
be specified at this time, except to say that Fu(0) = 1 and Fy(0) =  0, to 
avoid kinematic singularities. In keeping with a  simple exploration of these 
concepts we will assume that Qj = 6ij, that is, we shall retain the diagonal 
currents only. This choice provides a helpful simplification of many of the 
following calculations.
2.5.2 In teraction  Currents
In this section we shall provide the full derivation of the interaction cur­
rent required to provide gauge invariance for our model. We know tha t 
such a  current is required because our kernel, Eq. (2.1), is dependent on the 
center-of-mass four momentum. While our method is similar to that used in 
Ref. [41], there are certain differences, and these will be detailed here.
We wish to derive the form of the interaction current required for gauge 
invariance. For simplicity, we will work in the framework of a one-member 
tower; the generalization to a multimember will be provided at the end. Note
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that the form factors in the interaction depend on D and pn. The conjugate 
coordinates for these momenta are
p - r  + pn -rn = D - r + p n -rd, (2.32)
where rd =  r „ —r. Using these conjugate coordinates, we can write the strong 
interaction in coordinate space as (note that we shall suppress the various 
coupling constants for the time being)
=  J  ^ P ^ M R e<Oir--De-fp-T.ACD.K.R.) (2.33)
=  A (r ' — r; r'd, rd),
where x'  and x  are as defined in Section 2.1, except that we replace D  by D 1 
in x'. Note that in coordinate space, the strong interaction is not separable, 
as it is in momentum space.
We assume that particle 1 is the charged particle, and note that the 
coordinate y  =  r’—r is associated with it. Particle 2 is assumed to be neutral. 
Therefore, if we apply minimal substitution, there are no dependencies on j/n 
and pn, but dependencies on D* generate
 ► - i j -  +  e e ^ - y (2.34)
%  dpy.
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Applying this to Eq. (2.33), we can see that we will obtain
A(p; r'd, rd) — ► A (y; r 'd, rd) +  e t ^ T ^ y -  r'd, rd). (2.35)
It is the function T which we must determine in order to obtain the inter­
action current. To do this, we must look a t the change in A under minimal 
substitution,
<5 A =  e&Ttt{y;rfd,rd)
f
x \ r iw . + e t ‘leXqy,v'n
f x  I —i —— t-
xe i(D-y+p'nT ' - p n -rd) (2.36)
I *( V p";
0i(DyWn rJd-pn rd)
where
J o - I
d4T»dVnd4Pn
( 2 * ) 16
We will work to first order in e only.
Now, assume a Taylor expansion for the form factor,
(2.37)
/(*) = (2.38)
and define by
x  +  e€fieiq'y, pnj  =  x  =  x  Pnj +  eelxZ fXeiq'y +  C>(e2). (2.39)
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We wish to write the change in af 1 under minimal substitution. In order to do 
this, we must recall th a t all factors of x  contain d/dy,  which will act on any 
factors of y to their right. This includes the factor of exp(D-y+j/n -rd—pn-rd) 
in the definition of <5 A, where this expansion of the form factor will eventually 
be used. Therefore, factors of x  occurring to the right of the factor ee#1Z/iei9 y 
will depend on D only, while factors of x  occurring to the left of the Z  term 
will depend on D +  q =  D'  once the expansion is inserted into Eq. (2.36). 
With all of this in mind, we can write the change in xn under minimal 
substitution to first order in e as
xn - x n = X > " - l- m(D +  9,pn) e e ^ #ieiyyxm(T>,pn), (2.40)
m
where the tilde indicates the use of the minimal substitution. Using the 
algebraic identity
n_1 an — bn
Y  an~l~mbm =  ------------------------------------(2.41)
m=0 a ~ °
Eq. (2.40) becomes
Therefore, the change in /  under minimal substitution must clearly be
6f  =  ^  [X? n +  ~  / m -A f " )l •x(D + q,pn) -  x (D ,pn)
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Note that Eq. (2.36), has the form ] ' ] —/ '  f  • To first order in e, this can 
be written as
7 7 - /7  = / 7 - / 7  + / 7 - / 7
=  S f ' f  + f V  (2.44)
=  S f f  + f 'S f .
Thus, we can rewrite Eq. (2.36) as
/  [x{D +  q,p'n)\ -  f [ x ( D ,p 'n)]
** x ( D  + q,pQ - x { D , p f n) 
x f [ x ( D , p n)\
+ [  jko+O-y+W-Pn-r*] f  [X(D + q, p'J] e f Z ^
JD
.. f  [x(D + Q,Pn)] ~ /  [x{D,pn)\ ,2 45)
X(D + q , p n) ~ x ( D , Pn )
Recalling that <5A =  ee^T^, we can unfold the integral to give 
t i n t  f W M ] ~  f [ x { D , p ' n)\
J> -  *** W M - 4 D M  f l x ( D ’p' )l
, - < r  f r . m /  f [ x ( D ' , P n ) } ~  f [ x ( D , p n)]+ 9Z J  [x{D , p j ]  ■
where factors of g have been placed in appropriate places.
To completely define the interaction current, we must also define Z .  We 
shall begin from its definition in Eq. (2.40), and construct it directly. Using
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our basic definition of x  from Section 2.1, assuming that e is small enough 
that we may expand around it, and keeping only those terms which axe first 
order in e, we can write the change in x  due to minimal substitution as
=  2& Pn ' D t  ‘ Pne%qV ~  ' Pneiq'Vpn - D - P n ' D f  Pne ^
- e  • Pne™pn - + £  {e • D, e+*} (pn • D)2
+ A { e - D , e ^ } - ^ ( p n - D ) 2 (2.47)4 D*
+ \(jpn • D)2 C 1 { e - D , e ^ }  +  { e - D , c ^ }  1L4D4 I ’ > 1 ’ i 4D \
Note th a t we have written Z  in a completely symmetric fashion since every 
factor of D  contains a derivative which may not necessarily commute with 
all of its surrounding terms. The anticommutators are necessary to ensure 
the symmetry, and the parameter A will be used to determine the relative 
strengths of the various ways of symmetrizing certain terms. Extracting the 
common factor of e#te^‘y (remembering that factors of D  contain derivatives!), 
gives us
^  +  (2.48)
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+e^  y(D + D %  [(pn - D)2 +  (pn • D')2]
^ \ X f l  , 1 ^ , 1 -  A 1
X [4 \ D 4 + D'4) + 2 D 2Dfl
Therefore, we have
A . =  ~Pn,Pn-<,D + D ' ) ( ^  + - ^ )
, + D %
(2.49)
4 [(P . ■ A )2 +  f e .  O ')2] [ A  +  A -  +  (I  -  A ) ^
All th a t remains is to determine A. To do this, we first look a t Eq. (2.49), 
contracted with q, in the case of elastic scattering (D 2 =  D'2 =  Mp),
q„ Z “ =  -  [(p„ . o ') 2 -  (p„ ■ D )2] 1
=  x(D ' ,pn) - x ( D , p n). (2.50)
Gauge invariance requires th a t we have this same result even when the scat­
tering is not elastic. In that case,
= iPn-D')2
+{Pn ■ D)2
1 /o x AX 1 ^  , X  ^ , XD'2 XD*
" 2D'2 2 2D2 2 4jD4 W 4
' 1 x A, , 1 , x , A, , XD'2 XD2
2D2  ^ 2 2Z)/2 ^*2 4£>4 4£>/4
(2.51)
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Clearly, the choice of A =  0 will reduce the expression to the desired form. 
Therefore,
2 ,  =  Pn-(D + D') [ f e , . D f  +  ( p .  . D ' f J .
(2.52)
The desired interaction current, generalized to the case of a multimember
tower, depends on e^. We have previously chosen =  e6y. Therefore, the
interaction current is
ti nt  ^  { ^ f W n , D ' ) \ - f [ x t p [ n , D) \  \
-  e9in  -  X ^ , D ' ) - X ^ , D )  1 /
. - M /_/ rVM /fr(P n ,£> ')] - / [ ^ (P n ,-D )] l  .  ,o c o ^
+ w { * / w a . . d ) ) e- (2 -53)
Contracting <7M into this current gives
/iVT
QnJij (Pn. Pn.’ -D) =  -eVij(Pn,Pn, D)  +  V0-fc/n, pn; D ')e .  (2.54)
We are now ready to proceed with a proof of gauge invariance.
2.5.3 Gauge Invariance
We have seen in previous sections that our tower of states model is fully 
relativistic, as well as analytically solvable. We now turn our attention to 
another important property: gauge invariance.
Working within the framework of the relativistic impulse approximation 
(RIA), we will show that this model is gauge invariant when contributions
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from both final-state interactions and interaction currents are included. We 
expect, therefore, to require the four diagrams shown in Fig. 2.2 to prove 
gauge invariance.
Note first th a t all four diagrams have the same incoming state, namely
4  = 4 f(p , D) = Gt (p)rt (p, D ), (2.55)
where (j>f represents a  bound state of a neutron and the member of a 
tower of states. The final states, however, are different. For diagrams 2.2(a) 
and 2.2(c), where there is no final state interaction, we describe the final 
state as two plane waves, and restrict the momentum of the neutron and the 
identity of the final tower particle in the following manner:
U i =  S‘ (A  -  (2.56)
For the diagrams 2.2(b) and 2.2(d), the description of the final state must 
include the final state interactions, and therefore we have
U i =  t W i t f ) -  (2.57)
We must also point out tha t while the neutron is placed consistently on the 
mass shell at each step in each process, we also place both final state particles
on the mass shell in all four cases, so that our final s ta te  always results in
two real particles emerging.
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Each of the four diagrams in Fig. 2.2 can be described by the same general 
form of current:
J g  =  (2 -58)
TTLq
where represents either the current for the photon interacting with the 
tower member [diagrams 2.2(a) and 2.2(b)], or the interaction current [dia­
grams 2.2(c) and 2.2(d)].
The diagrams Fig. 2.2 (a) and (b) are described by the current (2.31) and 
the diagrams Fig. 2.2 (c) and (d) are described by the current (2.53). This 
grouping of diagrams will provide a helpful simplification of the to tal current, 
allowing us to write the initial and final states in an identical fashion for the 
two sets of diagrams:
4>\ =  (2.59)
P ij  =  Mij(p'n , p n ; D )G j( p ' )  - f -  53 (p'n — Pn)5i j  =  4>]]■
This grouping is permissible since we wish to calculate the following expec­
tation value:
J‘ = I  f y - i j k i t o M + /  O', D ) W ) .
(2.60)
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Figure 2.2: The four diagrams required for gauge invariance. The large 
boxes with photons coupling to them represent the photon coupling into the 
four-point basic interaction described in Fig. 1.2. The open circles represent 
unique interactions: T signifies a bound state vertex, while M  indicates a 
scattering vertex. Note that, in all cases, the two final particles are on shell.
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By grouping terms as we have, we have set the stage for using the spectator 
equation to reduce this expression, since it is the combination of the two 
possible <p{j, as written in Eq. (2.59), which satisfies the spectator equation. 
We may now write the full expression for J ? :
j?  =  /  <PpE*5 [-< *  ( p *  +  { ( * ’' -  ^ V )  N ? 2) - ! ]
j=l
<t>f
(2.61)
/ d2pd?j/' m 0 (2» )3 E 1 J(4- /  ^ ~4' Y l 4>le9iiH
lf[x(j/n,D,)] - f [ x { j /ntD)\
+
d3p d ? fm 0
x(Pn, D') ~  D )
f [x(pn,D) \ <pf
r a 
J  (2irt t )3
z » f [ x ( P'n, D ' ) } f [x(Pn' D ') ] - f[x(Pn’D)]x(pn, D') - x(pn, D)
Note that we have explicitly shown the summations and split the non-interacting 
current term into diagonal and off-diagonal parts. Contracting in q^, using 
the relations (2.30) and (2.54), and applying the restrictions in the summa­
tions gives
J  d3p$j { - e  [Gj 1 {p') - Gj 1 (p)]} <(>f (2.62)
+ J  ' y j f  {vi«(Pn, Pn, D')e - e V M ,  Pn, D)} 4>\
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We wish to evaluate the expressions G j l (p)<f>f and which occur
in the first term of Eq. (2.62). We now make use of the fact that (p?- and <j>f 
satisfy the spectator equation:
(2.63)
Using Eqs. (2.63) on the first term  of Eq. (2.62) yields 
q^  =
+ /  " p J f ' W  Pn] D '} ~  $ s eVs‘ Pn;D ) <t>?}
=  0. (2.64)
Recall tha t V is an hermitian matrix, and therefore, Vy =  Vy. Using this 
hermiticity property, we can clearly see that gauge invariance is satisfied.
2.6 D euteron Form Factor
Now that our tower of states model is well defined, we are ready to set our 
sights on a more interesting m atter: the deuteron form factor. Here we shall 
develop the formalism needed to calculate the deuteron form factor for the 
general tower model.
We would now like to calculate the current for the diagrams shown in 
Fig. 2.3 for our tower of states model. When we compare this to the current
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D '
o
Pn
D '
INT
t
Pn Pn
Figure 2.3: The diagrams needed to determine the deuteron form factor in 
the tower case. Diagram (a) gives the relativistic impulse approximation 
contribution, while diagram (b) is for the interaction current. The difference 
in the currents between the sum of these diagrams and that for a point-like 
deuteron comprise the form factor.
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Figure 2.4: The basic electromagnetic interaction for a point-like deuteron. 
for the same process using a point-like deuteron (see Fig. 2.4),
Jp =  ee#x(Z) -F D 'Y , (2.65)
we will be able to extract the deuteron form factor as given by the tower 
model. Here is the polarization vector of the virtual photon.
The current for the processes shown in Fig. 2.3 is
j _  f  d3pn 1 p B f  d3pnd3p'n 1 2B. -INT* jB Rc\
T (2tt)6 4EPnE'Pn ^  ( )
where the RIA and interaction currents are given in Eqs. (2.31) and (2.53). 
When we contract into those currents, any terms containing q* will vanish. 
Therefore, we can write the effective RIA current as,
o r  a
= CyFyfo2) [(£> +  D’Y  ~  2pfl , (2.67)
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where we have used the fact that
=  (D + D 'Y  -  2p£. (2.68)
Since the interaction current does not contain any factors of q^, it remains 
as given in Eq. (2.53). These are the currents which will contribute in the 
case of the deuteron form factor. We shall begin by examining the RIA 
contribution.
Let us first examine only the integrals involving 2p£,
First, we choose the momentum of the photon to be along the z-axis. There­
fore, ez =  0, and we have
It can easily be shown that all of the remaining functions in the integral ' P3 
are even functions of p* and p^. Therefore, the component integrals are all 
of the form
where £  denotes an even function of p*. Thus, the contribution of the three- 
dimensional part of eM2p£ is zero. Note that we have done nothing with 
the 0th component of eM2p£. We can write this remaining component in a
(2.69)
e X  =  -trP n  -  tyPn +  ZoP°n- (2.70)
(2.71)
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covariant fashion as
e 2j f  =  ^PiL _ ( £ ± 2 1 € f£) +  d 'y  
M K  (D  +  D ')2 ^  J ' (2.72)
We can see immediately that, in the Breit frame, this quantity would indeed 
have only contributions from 0th components. We will therefore insert the 
expression for 2 directly into Eq. (2.67), making the final effective RIA
current
„ R IA
%  = 1 -
2 pn -(D + Df)
{D +  D ')2
Putting this effective current into Eq. (2.66) gives
(D +  D 'Y . (2.73)
tRIA _  f  d3Pn 1 JB_ r?T  - J  (2tt)32E pJ > i6 iiF ii( 'q )0J' 1 -
2 Pn- iD + D')
(D + D')2
t ^ D  + D 'y .
(2.74)
We can now turn our attention to the interaction current contribution.
As before, our interaction current is
Y-J x j
I  N T
= e g i j l Z ' f W n, D ' ) \ - f W n,D)}
x(jyn , D') -  x(j>fn, D)
/ M /  [*(?", D')\ -  f  [xipn, D)]+Sii jz*7 -D')! x(p„, D') -  x(Pn, D)
f{ x (p „ ,D )n  (2.75) 
},
We must contract into this expression. This will give us factors of e^Z 1^  
and which are
= -enrtP n  • (D  +  D')
1
.M b,
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eftZ"‘
+e„(£> +  D 'Y  [(ft. • D f  +  (ft, • D')2] ^  
- e X p ^ ( D +  B ' ) ( - 4 )
+£„(!> + or [« . • -D)2 + (J4 • £>')2] 5^
(2.76)
D
Thus we can see that, once again, we will have a term  with e ^ p ^  and a 
term with e^(D + D'Y- In the same fashion as before, the three-dimensional 
parts of will be zero via integration, leaving us again to write the
0t/l components in a covariant fashion. We shall use the same form as in 
Eq. (2.72), reducing Eqs. (2.76) to
\ p n - { D  + D')}2 (  1 \  , [(p„ • D )2 +  (pn ■ D'Y]
+ 2 Mf>(D + D ')2 \ M 2Di
\p'n • (D +  D')\2 (  1 \  , [Q4 . D f  +  (j/n • D T]
(D + Df)2 \ M 2Di + 2 M*d
e„(D +  D 'Y  
e ^ D  + D 'Y- 
(2.77)
We can now write the current for the interaction diagram,
-  I *
tI N T  _  I Z B
J r p &9ij
^  /  [«04. D ')\ -  f  W n ,  D)) 
e“z  *<a , o ) - x <a . d ) f H * - ™
+ f  <Pi 9 ijJpj/
/  [x te ,  o \  O))
a:(pn, D') -  x(p„, D)
4>j
e0 f,
(2.78)
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where
r =[#&[&!?!!_ i  (2 79)
V  J (2x)3 J (2w)3 4EPne^ { ■ *’
and the additional integration comes in as a  result of the strong interaction 
present.
It is now simple to extract the deuteron form factor by comparing the 
sum of Eqs. (2.74) and (2.78) to Eq. (2.65) [recall that factors of e ^ D  + D 'Y  
are contained within the functions e ^ Z ^ ] .  Therefore, the deuteron form 
factor in the tower case is
i _ 2 p n -(D + Df)
(D 4- D 'Y
f  4>f [ e g i jZ 'F f  [x{jpn, D)] +  QijZf  [x(p'n , D’)\ T t \  (pf,
j -p>
(2.80)
+
)p >
where
[p« (£> +  D')] /  1 \  [(?« ■ D)2 +  (rf> • D)2]
(D + D 'Y  [ m 2d )  +  2 M ‘d
* *  =  ( 2 .8 1 )
x ( j V , D ') — x(j)n , D)
We shall reserve presentation of the specific calculations made for our tower 
models until Chapter 3.
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i
o
Figure 2.5: Deuteron electrodisintegration in the relativistic impulse approx­
imation. Note that we have not specified the identity of the final emerging 
tower particle.
2.7 D euteron E lectrodisintegration
We shall now proceed with our final calculation, the inclusive deuteron 
electrodisintegration cross section. We will calculate the process shown in 
Fig. 2.5, within the confines of the relativistic impulse approximation [44]. 
The cross section we wish to calculate is
dQdE = ^  In d E '  2^'82)
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where the sum of partial cross sections on the right refers to summing the 
contributions from each of the possible tower members emerging with the 
neutron. We choose to  work in the lab frame, where we have the following 
relations for various momenta in the problem:
D =  0
P =  “ Pn (2.83)
p + q = p' => q = p' + pn 
P  =  p + p'
=  P' ~  Pn-
We need to determine the M -m atrix for this process. This will have 
several pieces:
J ** =  e v r fu  electronic current
n2 photon propagator (2.84)
(pFju’fii =  hadronic current
Therefore, the M -matrix is
te (2.85)
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We will make the following expansion of g^,,
(2.86)
A
where A is the photon helicity, and, if we choose the photon momentum to 
be along the + z  axis in the lab frame,
4  = T ^ ( 0 , l , ± i , 0 )  (2.87)
e° =  ^ 0 0 -  
\ Q ’ ’ ’ Q / ’
with
q» =  (^ ,0 ,0  ,qL) (2.88)
q2 = u2 - q 2L = - Q 2 <  0.
Recall that any q* term in will give zero when contracted with from
the photon polarization. Therefore, the effective current is
(2.89)
and our M -m atrix becomes
Mi =  £ ( - 1 )  (2.90)
** A
where Ha is defined as
Hu =  euFu(q2)<t>f. (2.91)
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Note that there is an implied summation over £, but there is no summation 
over i until we compute the total cross section (J2i dai =  da).
Now that we have our M -m atrix in the proper form, we can begin to 
assemble the elements of the cross section.
The cross section is composed of the following factors:
• A momentum-conserving delta function.
• Integration factors over the outgoing particle momenta.
• A factor involving the inverse of the incoming particle energies.
• A flux factor. This factor involves the velocity of the incoming electron 
plus the velocity of the incoming deuteron. Since we are in the lab 
frame, the deuteron is at rest. We will assume a zero mass, infinite 
energy electron, therefore, the velocity of the electron is c =  1 in natural 
units.
•  The absolute square of the M -matrix.
Mathematically, these factors are
(2;r)46 \ P f - P i )  =  (27r)4<5V +  Pn-<7-£>)
d3k' d3p' d3pn
(27r)32£fc, ’ (2k )32Ej/  ’ (2tt)32EPn
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Therefore, the cross section is
where Laa' and Wxa' are the leptonic and hadronic tensors, defined by 
Lxx  =  ^ tr[ (m +  fe) 4 x (m +  jk!) 41] (2.94)
Wxx' = I  (2tt)32 E?  (2tt)32 EPn + P * - D - q ) P - e x  P 1 • ev .
We shall begin our evaluation of these functions with Lxx>- Note that we 
are assuming unpolarized electrons, and that the leptonic and hadronic ten­
sors are hermitian. Performing the trace in Lxx,  and using eA* =  (—l) Ae^A, 
we have
i Av  = 2  [fc - « A . ( - 1 ) V  ■ £ - x  +  (—l ) Afc • t -xK ■ t„  -  (k ■ k ' ) ( - 1 ) V a  • ey]  .
(2.95)
Now, there will be nine components of the leptonic tensor, one for each 
possible combination of helicity + , - ,  and o. Many of the terms in these nine 
components can be reduced using the dot product relations for the helicity
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vectors,
e+ • e+ =  e+ • e0 =  e0 • e_ =  e_ • e_ =  0 (2.96)
e+ • e_ =  e0 • e0 =  1.
Using the above relations, and the hermitian property of the leptonic tensor, 
we have
L++ =  L  =  2  [—k ■ e+k' • e _  — k • e _ A / • e +  +  {k ■ fc ')]
L+o =  —L0-  =  L*  ^ =  2  [—A; • CoA:' • e _  — A; • t-k '  - e0 ] (2.97)
L+_ =  L I+ =  —4Ar • e_A:' • e_
Loo =  2 [2A: • e0A/ • e0 — (k-  A:')],
reducing the number of expressions we must evaluate to four.
We now need to more clearly define the electron kinematics. We shall
define the electron kinematics such that they occur in the x  — z plane in the 
lab frame, as shown in Fig. 2.6. The momenta are therefore
q = (*/, 0,0, g/J
k =  (E,kx,0,kz) (2.98)
k' =  (E',kx,Q,kz - q L),
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where E'  =
x
Figure 2.6: The electron kinematics.
E — u. Using the following relations.
Q2 = < & -*  =  -<?
k2x + k2z = E 2
(kz - q c ) 2 + k l  = E'2 = k \  +  q\ -  2kzqc +  k%,
k' = k — q
q • ex =  0
(2.99)
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we can obtain the dot products we require,
. kx
k ' e +  =  75
k- („ = E‘l‘- - k*v  (2 .100)
k • e_ =  — 
y/2
Finally, after much tedious algebra, we arrive at the expressions for the com­
ponents of the leptonic tensor,
£++ =  4B £ 'cos25 Q | - + t a n 2 |
L+° = ~7WlAEE' cos2 5 ( +ta“2 f )  (2'10I)
L+-  =  4BE* « * § ( - § )
Lqo =  4 £ £ 'c o s2 ^ .
2 ql
We shall write these expressions in the standard form by removing the com­
mon factor of A.EE' cos2{9/2) and defining the reduced leptonic tensor, t xx>, 
as follows,
Lxy = AEE' cos2 Q- t xx.
■++ = e~  =  l | -  +  tan25
£+0 = U  = -£<>. =  - t . Q =  - L £ ^  +  tan2 ^  (2.102)
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Using what we have learned about the leptonic tensor, we can write the cross 
section, Eq. (2.93) as
* *  “  (2'103)
If we expand out the summation and use the relations between the re­
duced leptonic tensor components and the hermiticity of the hadronic tensor,
Eq. (2.103) becomes
* *  =  ( 2 - 1 0 4 )
x [i++{W++ +  W__) -  i 0+2Re(W0+ -  W0_) +  £+_2ReW +_ + ,
where is the Mott cross section,
° M =  G w f )  • (2-105)
We must now evaluate the components of the hadronic tensor. We choose 
to work in the center of mass frame of the outgoing hadronic pair, such that 
j /  is in the x  — z  plane. This new x  — z plane, or the ejectile plane, will be 
tilted by some angle (j) with respect to the leptonic x  — z  plane used earlier.
We must be careful to properly transform the photon helicity vectors to 
this new frame so that we may evaluate the factors of P  • e\ and P* ■ e*x, tha t
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appear in the hadronic tensor components. This transformation requires 
a  boost in the direction of the photon and a  rotation about the photon’s 
direction through an angle <f>. Overall, we require that K  =  p' +  p„ =  0 in 
this new frame. If W  is the invariant final s ta te  mass, then in the lab frame,
Kl =  (x /iv ^ + g i,o ,0 ,qL)  , (2.106)
and in the center of mass frame,
K c m  = { W ,  0,0,0),  (2.107)
so the photon helicity vectors in the center of mass frame must be boosted 
via
B cm  =
W 0 0 _2Lw
0 1 0 0
0 0 1 0
_2LW 0 0
\ / ^ W L
w
(2.108)
Using this boost on the helicity vectors in Eq. (2.87), and then rotating 
through the appropriate angle, gives us the photon helicity vectors in the 
center of mass frame,
e' =  ( ^ 0 0 ^ 1  
\ Q " ' Q )
J<t>
=  ^ = ( 0 , 1 , —i ,0) ,
(2.109)
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where M =  (ua, 0,0, qQ). This allows us to write the hadronic tensor in the 
lab frame in terms of the hadronic tensor in the center of mass frame,
WXX' =  e ^ x~x,)W'xx,. (2.110)
We can write the hadronic tensor in the center of mass frame as 
w 'xx =  -  f - ^ S - E iE ,  *3( -P '-P " + D +q
(2.111)
Performing the integration over pn with the delta function and a  little algebra 
gives
W'aa- =  - /  ^  K E ,  + E ^ -  W )p' ■ W  • t j .  (2.112)
We now transform the integral (2.112) using
f  =  s/m Z+ iS2 + J m l  + j /2 (2.113)
d£_ _  p 'W
dp! E j/EPn
Thus, we can perform the pf integration using the remaining delta function, 
giving us
Evaluating the dot products gives
VKx- =  cos2 (2.115)
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where 6p> is the angle between the ejected tower member and the photon 
momenta. Our final remaining step is to  convert this expression back into 
the lab frame. The angular dependence on <f> has been handled explicitly by 
Eq. (2.110), but in all o terms we must also convert qQ back to <?£,. This can 
be accomplished by multiplying by a factor of W /M d for each subscript o. 
Therefore, the required hadronic tensor components are
OO
_  p'dfip/ p. 2 /  W  y
Air2W P C°S p' \ M d )
W++ + W__ =  (2.116)
[W + -  =  ^ p,’ COs2^
Finally, using what we have learned about the hadronic tensor, rearrang­
ing terms, and using the definitions of the reduced leptonic tenor components 
and the function H,  we arrive at
dvi ctmP*3 cos2 6p>
dE'dQ'dQ^ 16tt3 M DW e2 1 ^
(2.117)
W j - f + S t o * - L £ / f +  tan2? ) '
the inclusive deuteron electrodisintegration cross section.
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We would like to express this cross section as one often expresses the ep 
scattering cross section, th a t is, in the form
To do so, we must perform the Op/ integral in Eq. (2.117).
Consider again the rest frame of the outgoing hadronic pair. In this 
frame, the two outgoing nucleons will have the same energy, assuming that 
we restrict the outgoing tower member to be a proton. That is, 2Ep> is 
the final energy of the system. The initial energy is E d +  Eq, the sum of 
the deuteron and photon energies in the same frame. Therefore, by energy 
conservation, we must have 2E'p =  E d +  Eq. This relation will allow us to 
express j /  as a function of u, q, and dp>.
First, we boost the initial energies to the rest frame of the outgoing 
hadronic pair using the boost defined in Eq. (2.108). These become
(2.118)
(2.119)
vyJW2 +  gj  q\
W  W '
It is then simple to show th a t
(2.120)
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We also must express p 2 in terms of u, q, and 9p>. To do so, recall that 
in the lab frame p =  p'. Therefore, we must evaluate
p 2 =  p + q \ — 2 |p'|<7£cos0p/. (2.121)
Using the expression we found for p' above, this becomes
P2 =  \ m d + -  j q 2 - r n l  + u2
~ s J { M 2D +  2M du +  q2 -  4m 20)(v2 +  q2) cosflp,. (2.122)
Since the wave function is a  complicated expression of p2, it will not 
be possible to do the 6p> integration analytically. However, we can do the 
integral over 0, giving us
d W k v  = (2 tan’ t  -  ^
(2.123)
We define
r f  r* (  0 2\V  I  i n  iV '. r> t  2 \ j B i2 •_ n  j n  / \Wo = 8tt2W e * L  cos2* i / l I > < ^ W ) 0 ? l as i n ^ d ^
Wi = %JWei JQ cos29p>\'52eu Fie(q2)(f>?\2smdp'ddp>, (2.124) 
allowing us to write the inclusive deuteron electrodisintegration cross section
as
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where the subscript 1 reminds us that we have restricted the outgoing tower 
particle to be the proton. As expected, the  functions W2 and Wi are functions 
of v  and q only, once the 9p> integration is performed numerically.
This concludes our presentation of the theoretical framework of the tower 
of states model. In the next chapter, we shall begin to refine some of the 
expressions developed here in terms of our specific models.
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Chapter 3 
SPECIFIC TOW ER OF 
STATES MODELS
We are now ready to discuss the specifics of the tower of states models used to 
produce the numerical results of this work. W ith the theoretical framework in 
place, we need only specify three additional things: (i) the strong form factor, 
(ii) the formalism in which we choose to work and, (iii) the tower members 
and their masses. In this chapter we shall provide a derivation of the specific 
equations relevant to our chosen models. Complete numerical results may be 
found in Chapter 4. We begin by deriving the form of the equations dealt 
with in Chapter 2 appropriate for a three-member tower. The one-member 
tower case is a straightforward simplification of the three-member tower, and
66
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therefore, will not be presented in detail. We then proceed with a discussion 
of the specific equations needed to  calculate the phase shifts and inelasticity 
parameter for a three-member tower above the inelastic threshold of the 
second tower member. In our fined section, we will examine more carefully 
the interaction current contribution to the deuteron form factor in the context 
of a  one-member tower.
3.1 The M odels and Their B asic Equations
We consider four models in this work, three are basic tower models, the 
remaining model deals with the case of large inelasticity. Model 1 is a simple 
one-member tower consisting of only the proton. It provides a benchmark for 
assessing the effect of the additional tower members on the properties of the 
deuteron and other aspects of the N N  system. Model 3 is a three-member 
tower consisting of the proton, the Roper and the D 13. For Model 3, we 
assign the usual physical masses to the resonances, and always remain below 
their production threshold. Model 31 employs the same tower as Model 3, 
but the mass of the Roper has been adjusted downward so that in the course 
of our usual calculations we proceed above its production threshold. This 
model allows us to investigate the effects of a modest increase in inelasticity. 
In order to effectively study large inelasticities, a special data set, referred
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to hereafter as the LI D ata Set, was created using Model 31 as a  base, but 
increasing the inelasticity by approximately a factor of five. Our final model, 
Model 1LI, is a  proton-only tower model fit to the phase shifts of the LI Data 
Set. In this way, we are able to make a  direct comparison between the large 
inelasticity d a ta  and a similar model with low inelasticity. The details of the 
construction of the data set, as well as the specifics of the fitting procedure, 
are provided in Chapter 4.
We now turn  our attention to the three-member tower. As indicated in 
Section 2.5.3, we choose as our formalism that of the spectator equation. 
Choosing the spectator formalism gives us the form of our integrals
We now must more clearly define the strong form factor. Indeed, since 
it appears in the integrals we must find a way to express it in terms of 
three-vector k, rather than four-vector k. As we have mentioned before, we 
will employ a Tabakin-style form factor in our models. The most general 
definition of our form factor is
(3.1)
and the form of the elements of the propagator matrix
(3.2)
(3.3)
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Figure 3.1: The definition of the momenta for the bubble diagram. It is these 
momenta which must be used in the integrals G%-
with
.  =  (3.4)
where p is one-half the difference between the momentum of the tower particle 
and the momentum of the neutron. The integrals Gi enter the model as 
a direct consequence of the bubble diagram (see Fig. 3.1), therefore, we 
must take our definitions of the momenta from there. Using these values 
in Eqs. (3.3) and (3.4) gives us an expression for the form factor in terms of 
three-vector k,
Note that the form factor does not depend on the tower particle in question.
(3.5)
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We axe now ready to derive the specific form of Eq. (2.26) for the three- 
member tower case. The matrices g and Q become
/  \
0u 012 9 13
(3.6)
01
9 = 012 022 023
 ^ 013 023 033
( \
Ql 0 0
Q = 0 Qi 0
^ 0 0 S 3 ,
The elements of Q have the form 
d3k  1* — /■ (3.7)
M 3 1<jml +  k2 (m? -  m l  +  2 W  +  k2 -  W 2) '
In order to calculate the real and imaginary parts of M ,  which we require to 
calculate <5i via Eq. (2.26), we must calculate the real and imaginary parts of 
the integral (3.7). The integrand may have a pole in the range of integration, 
located a t k  =  kp, where
kp —
/  W 2 — m 2 -{- m 2 
[  2W ) -ms. (3.8)
therefore, the imaginary part of the integral will not be zero. Most of the 
time, we will remain below the production threshold of all of the tower par­
ticles except the proton, therefore, only Q\ will have an imaginary part. The
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case where more than one of the integrals has an imaginary part will be 
discussed in Section 3.2. We first explicitly separate the real and imaginary 
parts of the integral,
rOO
Gi =  V  , Jo
dk
k2 / 2(k)
y/ml +  k2 2 W yjm l  +  k  2 - W 2 
k2+Z7T r  dk . f 2(k )8 (2 W Jm 2 +  k2 -  W 2) , (3.9)
Jo \frri* + k2 V
where V  denotes the Cauchy Principle Value of the integral. The integral in 
the imaginary part can easily be done analytically, giving
4 (p2 +  4m2 -  W 2 2\ j w 2 — 4m l  /  4a 2 _  4m2 +  W 2' 
1 “ 2?r 4W U 72 -4 m 2  + W2 (4/52 _  4m2 +  W 2)2
(3.10)
The real integral can be done numerically. Thus, Gi will have an imaginary 
component, while the other integrals will not, since we remain below the 
production threshold for particles 2 and 3.
Once again, we must obtain the real and imaginary parts of M  in order 
to calculate 61. To do this, we consider again Eq. (2.8), which tells us that 
the M -m atrix is dependent upon d e t ( l—gG), the cofactor matrix of (1 — gQ), 
and g. We know that g is real, therefore, any imaginary parts must come 
from the other two factors. We can easily argue that the imaginary part 
must come from det(l — gG)- Recall that we are interested only in M u ,  
therefore only {Crg)u  interests us. This element involves three terms, which
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are constructed by striking one of the rows and the first column of the m atrix 
(1 — gG), and taking the determinant of the remaining elements (they are 
also each multiplied by one of the elements of g). Now, since all the elements 
of g are real, and G2 and Gi are real, the only imaginary contribution can 
come from terms containing Gi- However, looking again a t Eqs. (3.6), we 
can see that the only elements of (1 — gG) which contain G\ are in the first 
column, which does not contribute to (CTg)n . Therefore, the source of the 
imaginary part of M  must be d e t(l — gG)- Knowing this, we can write
M  f& )9 (% if(x )  f 3 i n
11 Re(det A) +  ilm (det A) ’ K J
where A  =  (1 — gG)- Rationalizing the denominator, we obtain
/(a /)^ C T/(x)R e(det A) 
[Re(det A ) f  +  [Im(det A)\“ReiWu =  r— h — 7TT2 (3-12)
Im M  = f W g C ?  f{x) lm {detA )
U [Re(det A)\2 + [Im(det A)}2'
Putting these expressions into Eq. (2.26) gives us
thus, we need only calculate the real and imaginary parts of det A to find 
the phase shifts. This is easily done using Eqs. (3.6), giving us the following 
expressions for the real and imaginary parts of det A ,
Im(det A) =  — — (gugzz — g\z)Gz — (<7n <722 — #12)^2 +  ^ ^ 2^ 3] Im^i
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Re(det A) =  1 — gzzQz — 922G2 +  (.922933 ~  9 2z)@2Gz (3-14)
— [<7n — (0H033 — ^13)^3 — (011022 — ^12)^2 +  BaQiQz^ Re(7i,
where Bg is defined as
Bg =  (gu922933 — 911923 — 012033 +  2^13^12^23 ~  013022)- (3.15)
The integrals can easily be done numerically, and the phase shift calculated 
for any three-member tower model. For a one-member tower, it is clear th a t 
these equations reduce considerably, allowing us to write the expression for 
6 as
( n,. T m T  \
(3.16)c . (  SiilmX "\6 -  arctan K ^  + ^ R e z  '
where X  is the integral
- I dk-
k2 / 2(k2) (3.17)
' J m l  + k2 ‘IW yJm l  +  k2 -  W 2 ’ 
which has real and imaginary parts in the same fashion as Eq. (3.9).
We now wish to derive the three-member tower expression for the deuteron 
wave function. We may begin by writing out the matrices V, G, and T:
(
011 012
\
013
V = 012 022 023 f ( p ) m
 ^ 013 023 033 j
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G  =
\
0
0
rh^ —k2—ie
0
0
0 
1
mi}—fc2—t'e /
(3.18)
r =
( \ 
Cl
C2
V C3/
/(k),
where we have put in the matrix elements of G explicitly. We now wish to 
solve the set of coupled equations defined by Eq. (2.13). However, we will 
find that the system is overdetermined, and that we are free to  choose one of 
the c ’s as we wish. We choose to set Ci =  1, and then solve for the remaining 
constants, obtaining the coupled equations
#12 Sk f 2G\ +  023C3 fk f 2G3c2 =
C3 =
1 — 922 fk P O 2 
#13 fk f 2G\ +  #23 c 2 fk f 2Gz
(3.19)
i  # 3 3  fk P G z
where we have explicitly shown the integrals. Note that these integrals are 
simply the m atrix elements of our reduced propagator matrix, Q. Thus, we 
can rewrite Eqs. (3.19) as
9 1 2Q1 +  923C3Q3c2 =
C3 =
1 ~  922Q2
9l3Ql +  923C2G2 
1 ~  933G3
(3.20)
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where the integrals Gi must be evaluated at W  = M d - Once the integrals 
are calculated, we have only to solve Eqs. (3.20) simultaneously to obtain 
C2 and C3. We will normalize all the components of the wave function with 
0 f  (0), so the general expression for the three-member tower deuteron wave 
function is
,/,.(ir) -  ^ f ( k )  ________Cf(a2 +  k2)(pg -  k2)(2Wro0 -  W2) j 2/34___________
(0) (m? - m l  + 2W ^Jm l + k2 -  W2)(72 + k2)(/?2 +  k2)2a 2p2
(3-21)
The expression for the deuteron wave function in the one-member tower case 
is simply the i =  1 component of Eq. (3.21),
^ (k ) =  f  +  k2)(^  ~  k2)(2m° ~  W)l2p> . (3.22)
<p?(0) (2yjml +  k 2 -  W){72 +  k2)(/?2 +  k2)2a 2p2
Finally, we wish to examine the deuteron form factor in the case of the 
three-member tower. In order to perform the integrations in Eq. (2.80), we 
must express the momenta of Fig. 2.3 in terms of pn. We can best do this 
by expressing these momenta in the Breit frame:
p = D  —pn 
p' = D ' — p'n
q = (0, q) (3.23)
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a  = ( /* »  + £ § '
Note that we have chosen to write out the most general form of these mo­
menta; in the case of the impulse diagram, certain simplifications are possible. 
We will continue to work with the most general forms in the remainder of 
this section.
We must now use these momenta in all of the functions in Eq. (2.80). 
Recall that the wave function depends on both the strong form factor and 
the tower particle propagator. Using these momenta in the most general 
expression of our strong form factor, Eqs. (3.3) and (3.4), we obtain,
D')\ = a 2 ~ x (Pn:D') p j + x t e » D ' )
x{p'n,D ')  = m l -  (V 4M £ +  q2^  +  p£ -  q p ;co s0 ')
£01 =  <x2 ~ x (Pn,D) p l+ x { j /n ,D)
■n 72 - x ( ^ , Z } ) ( ^ - x 0 y n,D))2 (3- 4)
z(Pn>D ) = m l -  — +  q2\Jml +  p£ +  qp^cosfl') ,
and similarly for /  [x(pn, D')\ and /  [x(jpn , D)] (simply replace p^ and 6' with 
p n and 9). Note that 9' is the angle between the photon and the outgoing 
neutron. Applying the momenta (3.23) to  the propagators gives,
G i M  =
- m l  + \ j4 M l  +  q2s]m\ + p£ -  qp^ cos 9' -
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Gj(pn) =  ----------------- . .   (3.25)
m j - m l  + \JAMq -F c fy jm 2 +  p 2 +  qpn cos Q -  M%
The remaining functions in Eq. (2.80) can be similarly written in the Breit 
frame,
2 P n - iD + D ') n 1 m 2 + p 2
(D +  D')2 V 4 +  q2’
(D  +  D ' f — 4M 2 + q 2,
(Pn • D r — \ ( \ / * M l  + c?sjm 2 + p£ -  qPncos 6')2
(Pn • D f = \ ( \ J ± M l  +  q2\Jm2 + p£ +  qp^  cos Q')2
p'n - (D  + D') — yjAMI + q2\/m° +  Pn >
1 1
2 D 2D'2 2 M f,'
(Pn ■ D ')2 = \ ( \ J ± M l  +  q ^ m 2 +  p 2 -  q p n COS0)2,
(Pn ■ D )2 = j ( \ j A M l  +  q  2yjm2 +  p 2 + qp n cos d)2,
1 1 1
2D2 ' 2D '2 M 2d '
P n-(D  + D') = \ jA M l  +  ofy jm 2 +  p 2.
(3.26)
We must also decide what to do about Fij, which is still completely unspec­
ified, except to  eliminate kinematic singularities. We choose to set Fa = F„ 
for all tower members, where Fpf(q2) is the electromagnetic form factor for
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the nucleon. We shall use a simple approximation to the nucleon electromag­
netic form factor,
where q is in (GeV/c)2. Since this function does not depend on j/n or pn, 
it does not affect the integration. Therefore, we are ready to perform the 
numerical integration to determine the deuteron form factor. In the case 
of the one-member tower, the expressions are identical, however, only the 
i =  7 =  l terms contribute.
This completes the work required to perform the basic calculations for our 
tower models. We now turn our attention to the question of inelasticities.
3.2 The Equations in  th e  Inelastic Case
Since one of our tower models (Model 31) and the LI Data Set will have signif­
icant inelastic regions, we would like to develop the relations for calculating 
the phase shifts above the production threshold of particle 2.
When calculating the phase shifts in the inelastic region, we can no longer 
use Eq. (2.26), but instead must use Eq. (2.29). However, we still must 
determine expressions for the real and imaginary parts of M. In Section 3.1, 
the determination of the real and imaginary parts of M  was considerably
(3.27)
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simplified by realizing that only terms containing Qi could contribute to the 
imaginary part. Things are not so simple here, because now Q2 will also have 
an imaginary part. Therefore, it is possible that both the numerator and the 
denominator in the equation
M u  =  (S'2®)
could have imaginary parts, and indeed they do. Therefore, breaking the 
numerator and the denominator into their real and imaginary parts and 
rationalizing the denominator, we obtain
InuV/u =  M C ^ ) llRe(det A) -  R e ^ M d e t  A)
[Re(det A)] +  [Im(det A)]
ReMu = ^ S ) u M < i e t A )  + I m C C ^ u M d e t / t )
[Re(det A)] + [Im(det A)]
(3.29)
All that remains is to determine expressions for the real and imaginary parts 
of (CTg) n and det A. This is a  simple exercise in matrix algebra, therefore, 
we present only the results here, which are
ii — 0n (1 — Q33G3) +  013^3 — SgReQ2 
lm(CTg)n  = - S glmQ2
Re(det A) =  1 — gzzGz — 0uR e^i — g&RzQi +  (0u033 — 0is)^3Re^i
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
80
+  (<722<733 — 5223)^ R e ^ 2
+(511522 — 5i2) (Re^iRe^2 — (3.30)
-B g G z ^ R & G x ^ & G i — I m G i l m Q i )
Im(det A) = — 5n lm £i — ^22lm^2 +  (5n533 — 5i3)^3Im^ i 
+(522533 — 5223)$3lmS2 
+(511522 — 512) (R e ^ ilm ^ 2  +  I m ^ i R e ^ )
— B g G z(B .G G ihn .G 2 + Im^iRe^)) 
where the function Sg is
Bg =  [511522(1 — gzzG z)  +511523^3 — 5l2(l — g z z G z )  — 2^12513523^3 +  5 i3522^3] ,
(3.31)
and Ba is defined in Eq. (3.15). Note that we need not worry about expres­
sions for the one-member tower, as these equations are not applicable in that 
case.
One can now numerically obtain the results which will be presented in 
Chapter 4. In our final section, we wish to examine the structure of the 
interaction current contribution to the deuteron form factor.
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3.3 T he Interaction Current C ontribution to  
th e  D euteron Form Factor
We have already derived the specific formula for the three-member tower 
deuteron form factor in Section 3.1. We now wish to  examine more closely 
the analytic form of the interaction current contribution, specifically in the 
limit as q approaches infinity. As we shall see, this limit reveals a rather 
unusual property of the interaction current contribution: it is constant as q 
becomes very large.
Recall the expression for the deuteron form factor, given in Eq. (2.80). 
We need to look at only the interaction current portion. We shall work in 
the context of a one-member tower; the generalization to the multimember 
tower is trivial, but tedious. Thus, the interaction portion of the form factor 
is
F ,NT = SU j  J  { Z 'T 'S  M p -  D )] +  Z f  [x(pi, D')] F )  4,?, (3.32)
where Z ^  and are as defined in Eqs. (2.81), and
(3.33)
Using the fact that <j) =  N G f ,  we may write Eq. (3.32) as
h
F ,NT = 2 g u t f ‘ j  f 2 fc(Pn, D)} G(pn)
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by noting th a t under exchange of the initial and final states the integrals
remain the same.
Since our expressions have been designed to be covariant, we may evaluate 
the integrals Iy and I2 in any frame we choose. We begin by evaluating Iy 
in the rest frame of the incoming deuteron. In this frame, the important 
momenta are
D = (Md , 0)
Pn — (£p„,Pn) (3.35)
Using these momenta to evaluate the functions in Iy gives us
1
(3.36)
Therefore, Iy becomes
h  =  f  -----—----- f 2 [x(pn, D)] G(pn) =  constant in q. (3.37)
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We must now evaluate Iz- We will evaluate this integral in the outgoing 
deuteron’s rest frame. In order to express the functions in I2 in the outgoing 
deuteron rest frame, we will need to boost the momentum of the incom­
ing deuteron from the Breit frame to this new frame as well. Clearly, this 
boosting can be accomplished by the use of the following matrix, A,
A/---------*--------- s
//
M d 2Mq 
Do
\  f  \  
D0
\  2 m d m d /
M d
0
\
(3.38)
where
(3.39)
Using the boost A, the incoming deuteron momentum becomes
Md 2 Md
^ X D0
\  2 Md M d /
=3.
\ 2 /
(  Do+ £  \  
Md
-q Do 
\  MD /
(3.40)
We now wish to examine the functions in I2 in the limit as q approaches 
infinity. We begin with /  \x{p'n, D')},
*(p'n,D') = -p j
» 2 +  Pn P c - P nf[x(p'n ,D')\ =
72 +  P(? (P2 + P(?)2 ’ 
which is clearly a constant in q. We now look a t x(j/n, D):
1x(p'n ,D ) = m Q -
M 2d
(3.41)
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lim   _ 49—00 —q (3.42)
where Z  =  cos O'. Note that, because x(p'n, D) depends on q even in the 
large q limit, /  [x(j/n, D)\ will be dominated by the \J32 — x(j/n , D )]2 in the 
denominator as q becomes very large. Therefore, the limit of /  [x(j/n, Z?)] as 
q approaches infinity is zero. Knowing this, we can look at T ’\
T ’ = /  W n, D')\ -  f  [x(p'n, D)] /  [x(p'n, D')]
X&ni D ') -  *(Pn, D) l k ( E ' Pn + p  'nz ' ) 2
(3.43)
A similar process can be carried out for Z':
Z '  =
______ t ]  +  rJ / q 7 MD+ ^
P "  2 A f0  )  ^  M d
E „ _  (<Jjkt S i ) p ^
(4M 2 +q>)M2D 
EPn (M d + a f c )  +  ^ q \J M l  +  \  + E'PnM l
2 M%
(3.44)
lim _ 4  9—oo q
8 M £ V p" 
Finally, we write G(p(J as
G(Pn) ~ (3.45)
2MDyJ m 2 +  p£ -  M l  ’ 
which is also a constant in 9. Therefore, if we insert all of these pieces into I2 , 
we can see that the ^-dependencies of Eqs. (3.43) and (3.44) cancel, leaving 
I 2 also constant in q. Since both of the integrals in Eq. (3.34) axe constants 
in q, the contribution of the interaction current to the deuteron form factor
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is also a constant. This constant can be calculated from these equations, 
yielding a value of —1.12 x  10-4. This compares favorably with the constant 
obtained by plotting the interaction current contribution out to very large q, 
as shown in Fig. 3.2. We believe tha t this rather unusual result comes from 
the fact that we are using a four-point interaction as our kernel. At large q, 
the Tabakin form factor is not strong enough to prevent the basic pointlike 
structure we have chosen from coming through. Thus, one sees a constant 
a t large q, rather than the expected fall off to zero.
This concludes our discussion of the specifics of our tower models. We 
now present the full set of numerical results in Chapter 4.
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Figure 3.2: The interaction current contribution to the deuteron form factor 
in the case of Model 1, plotted out to very large values of q. The dashed line 
shows the value of the constant the interaction current contribution of the 
deuteron form factor should approach as q becomes large as calculated from 
the model.
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RESULTS AND DISCUSSIO N
4.1 R esults for th e  T hree Basic Towers
Once the real and imaginary parts of M  are determined, we calculate the 
phase shift, and perform a least-squares fit to the low-energy Nijmegen 1993 
phase shifts to determine the free parameters in our models. This fitting 
process is done twice for each model: once to the singlet phase shifts, and once 
to the triplet phase shifts. Thus, each model has two versions, one singlet 
and one triplet, with different values for the free parameters. The triplet 
version of the model can then be used in determining various properties of 
the deuteron. We first present results for the three basic tower models; those 
for the large inelastic case will follow in subsequent sections. We remind
87
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the reader tha t Model 1 consists of a  tower with the proton only, Model 3 
employs a  three-member tower consisting of the proton, Roper, and D 13, and 
Model 31 uses the same three-member tower, except th a t the mass of the 
Roper has been lowered to increase the inelastic contributions. This inelastic 
region has no effect on the fitting procedure since we only fit to d a ta  below 
350 MeV, which is still below the inelastic threshold.
In the case of Model I we have a toteil of five parameters: a, (3, 7 , pc, 
and (/a. However, not all of these will be used as fitting parameters. In 
order to ensure that our phase shifts maintain the proper shape, we will fix 
the location of the zero in the phase shift, in both the singlet and triplet 
cases, by fixing pc and gu- In order to best understand the nature of the 
restrictions placed on these parameters, we will look a t the expression for 
tan <$1 in the case of a one-member tower in terms of the real and imaginary 
parts of Qi,
In order for the phase shift to cross zero, there m ust be a zero in the nu­
merator. Since gn  =  0 would be trivial, we choose to  set Im ^x equal to zero 
a t the particular value of the center of mass energy for which we want the 
phase shift to cross zero. If we choose to fix pc by this method, the zero in 
the numerator will be a double zero. This will not give us the structure we
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Table 4.1: Binding energy of the deuteron as calculated in each of our three 
models. The percent error shown is the error between the calculated value 
and the expected value of 2.22 MeV. T he energies are given in MeV.
Model 1 Model 3 Model 31
Binding Energy 2.15 2.02 2.47
Percent Error 3.2 9.0 11.3
want for the phase shift; we require a single zero in the denominator, located 
at the same center of mass energy, to cancel the additional zero in the nu­
merator. Thus, we also set the denominator of tan <5i equal to zero, and solve 
for gu. Note tha t while the value of pc will be a constant during the fitting 
procedure, <7n will have to  be determined actively during the fitting process.
The careful reader may have noticed that the denominator of tan <5i in 
Eq. (4.1) must be the same as the denominator of the M--matrix. Thus, 
this expression must also have a second zero in the triplet case, located at 
the mass of the deuteron. We make no attempt to fix the location of this 
zero, we instead determine it after fitting is complete, obtaining the binding 
energy of the deuteron directly from the model. Table 4.1 shows the values 
of the binding energy of the  deuteron for the various models, and the percent 
difference from the known binding energy of the deuteron. While an 11% 
error may seem large a t first glance, we remind the reader th a t we have 
not in any way constrained the model to  have the correct binding energy.
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
90
Therefore, we feel th a t the error is quite satisfactory, especially when one 
considers how small the binding energy is compared to other masses in the 
problem.
In the case of Models 3 and 31 there are ten free parameters: six coupling 
constants and four form factor parameters. Unlike the case of Model 1, the 
singlet and triplet couplings have different restrictions placed upon them. 
For the singlet case, pc will be fixed using the location of the zero in the 
phase shift, as detailed above, reducing the number of parameters to nine. It 
was determined that gu  needs to be a fitted param eter in this case, in order 
to reduce x 2 to its optimum value. We do, however, place restrictions on 
several of the other coupling constants, specifically, gn = giz and <722 =  gzz- 
These four couplings are then fixed to constant values, reducing our number 
of parameters to five. The choice of values for certain coupling constants 
may seem arbitrary. It was discovered during initial fitting trials that the 
fits were most sensitive to the values of the form factor parameters, and 
rather less sensitive to most of the tower couplings. Therefore, many of the 
tower couplings were fixed at historically useful values, preserving certain 
symmetries which seemed to consistently appear in successful fits. While the 
fitting procedure is most sensitive to the values of the form factor parameters, 
it also shows some sensitivity to the values of g u  and 9 2 3- Thus, these
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parameters were allowed to vary, while the other couplings were fixed such 
that the proportions of the couplings were maintained. For the triplet case, 
we once again apply the full set of restrictions on pc and gu,  allowing only gu  
and <723 to vary. Once again, the restriction placed on the remaining coupling 
constants, <713 =  <722 =  <733, is designed to  maintain the proportions of the 
couplings. Thus, we still have only five free parameters in the triplet case, 
but they are different from those in the singlet case.
We now present numerical results for all three models discussed above, 
as well as our analysis of the significance of these results. We begin with 
the phase shifts, shown in Table 4.2 with the Nijmegen 1993 values, for the 
fitting region (below 350 MeV), for our three models. All three models give 
nearly indistinguishable fits to the Nijmegen phase shifts, with excellent ^ s .  
Clearly, there is no significant difference between the models as regards the 
phase shifts below 350 MeV. This is as we expected; substantial changes in 
the phase shifts would not be anticipated until one goes above the inelastic 
threshold. The fitting process produced values for the free parameters of our 
models: these are shown in Table 4.3, along with various other constants. 
Parameters varied during the fit are shown in bo ld  face.
Once these parameters were determined, we proceeded with the calcula­
tion of the various properties of the system and its bound state. First, we
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Table 4.2: Values for the phase shifts, in degrees, below 350 MeV.
Nijmegen 1993 Model 1 Model 3 Model 31
TLAB{MeV) % 3Sx lS0 3Si 3Si lS0 3Si
1.0 62.029 147.75 61.559 147.97 60.889 147.58 61.2 148.36
5.0 63.627 118.18 64.203 118.27 63.99 117.83 64.148 118.54
10.0 59.956 102.61 60.55 102.32 60.498 101.96 60.614 102.35
25.0 50.903 80.629 51.199 80.009 51.32 79.786 51.403 79.705
50.0 40.545 62.767 40.675 62.641 40.884 62.468 40.961 62.222
75.0 32.933 51.585 32.912 51.852 33.149 51.685 33.232 51.435
100.0 26.783 43.227 26.564 43.72 26.812 43.556 26.903 43.332
125.0 21.549 36.46 21.174 37.146 21.423 36.985 21.525 36.793
150.0 16.939 30.72 16.371 31.480 16.618 31.327 16.73 31.165
175.0 12.776 25.701 12.075 26.536 12.317 26.394 12.439 26.258
200.0 8.943 21.216 8.08 22.026 8.3152 21.898 8.4471 21.786
225.0 5.357 17.14 4.4249 17.959 4.648 17.847 4.7894 17.755
250.0 1.959 13.386 1.031 14.189 1.2076 14.095 1.3552 14.022
275.0 -1.3 9.89 -2.3423 10.696 -2.0353 10.621 -1.8673 10.565
300.0 -4.457 6.602 -5.3305 7.4381 -5.0731 7.3836 -4.897 7.3436
325.0 -7.545 3.484 -8.2173 4.958 -7.9706 4.3246 -7.7858 4.3003
350.0 -10.59 0.502 -10.96 1.4582 -10.72 1.4466 -10.525 1.438
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Table 4.3: Parameters in the tower of states models. Numbers in bo ld  face 
were varied during the fitting procedure. The form factor parameters and all 
masses are in GeV; all the coupling constants have dimensions GeV4.
Model 1 Model 3 Model 31
rameter 'So 3Si 'So 3Si 'S0 3s t
a 0.198125 0.155094 0.197611 0.157080 0.197750 0.150054
& 1.09772 1.27872 1.09795 1.29825 1.10168 1.28994
7 0.171623 0.136404 0.172138 0.139047 0.172141 0.129887
Pc 0.3492 0.412689 0.3492 0.412689 0.3492 0.412689
011 -1516.96 -2553.31 -1500.89 -2615.86 -1504.81 -2554.04
012 155.0 406.731 190.0 404.563
013 155.0 -105.0 190.0 -105.0
022 10.0 -105.0 15.0 -105.0
023 272.175 597.206 253.928 591.489
033 10.0 -105.0 15.0 -105.0
x2 6.97 7.60 5.06 6.83 3.66 6.04
771 j 0.93825 0.93825 0.93825
1712 1.44 1.17
m3 1.52 1.52
examined the calculated singlet and triplet phase shifts out to 1.2 GeV in 
lab energy, as shown in Fig. 4.1. The Nijmegen 1993 data are also shown in 
the fitting region, and we can see tha t all three models fit the phase shifts 
extremely well. More importantly, note tha t the phase shifts in both cases 
for all three models are nearly identical in the entire range, despite the fact 
th a t the onset of inelasticity in Model 31 is at 492 MeV. The inelasticities 
for Model 31 are shown in Fig. 4.2. Note th a t we have chosen to plot p, 
which is defined by t j  =  cos p. These inelasticities are extremely small, thus 
no effect is seen in the phase shift for Model 31 above the inelastic threshold.
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Figure 4.1: The singlet and triplet phase shifts to 1.2 GeV in lab energy for 
Model 1 (solid line), Model 3 (dashed line), and Model 31 (dotted line). The 
Nijmegen 1993 phase shift data are shown up to 350 MeV (Ref. 15) (black 
circles). Note tha t the phase shifts in all cases are nearly indistinguishable.
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Figure 4.2: Inelasticities for Model 31. The shape of the l50 inelasticity, while 
more pronounced than others, is not unusual.
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Some readers may be puzzled by the shape of the singlet inelasticity. Shown 
in Fig. 4.3 are the inelasticities for the np lS0 partial wave of van Faassen 
and Tjon [32], and Arndt and collaborators [45], which do show similar, if 
somewhat less pronounced, structure. The source of the inelasticity is differ­
ent in our model from that in the usual models, therefore, we expect some 
deviation in both the magnitude and the shape.
We have also plotted the deuteron wave function for each of the three 
models in Fig. 4.4. All the wave functions are normalized in the following
manner:
4’fi.k) 
0?(O)
M k )  =  (4.2)
Clearly, the contributions from tp2 and ipa are very small indeed.
Finally, we examine the deuteron form factor, shown in Fig. 4.5. Here 
we see the largest effects yet of the presence of the additional resonances in 
Models 3 and 31. Note th a t there is a  small gap between the three curves, most 
prominently seen in the tail, where the average percent difference between 
Model 1 and Model 31 is 12%. This effect can only be due to  the presence 
of the additional resonances in the three-member models. We can also see a 
small shift between Models 3 and 31. This shifting would seem to be due to 
the larger inelasticity present in Model 31.
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Figure 4.3: The 1Sq inelasticities of van Faassen and Tjon (Ref. 22) (solid 
curve) and Arndt et. al. (Ref. 38) (dashed curve). Note that the shape of 
our Model 31 inelasticity is similar to these shapes, though more pronounced. 
Note also the difference in scale between this figure and Fig. 4.2.
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Figure 4.4: Deuteron wave functions for Model 1 (solid curves), Model 3 
(dashed curves), and Model 31 (dotted curves). In the lower graph, curves in 
bo ld  face are for ip3; curves in plain face axe for ip2. These wave functions 
are dimensionless due to the manner in which they are normalized.
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Figure 4.5: The deuteron form factor for our three models. The curves are 
as in Fig. 4.4. The black circles are data from Ref. 46. Note that we have 
normalized the form factor to 1 at q2 = 0.
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Thus it would seem th a t inclusion of these higher order resonances has 
little effect on the properties of the deuteron. However, we must consider 
the following point: are the effects of the resonances truly small, or are they 
small in this case because of the low inelasticity? It is with this idea in mind 
tha t we proceed to the next section, where we shall discuss the results of our 
large inelasticity work.
4.2 R esu lts for th e  Large In elastic ity  M odel
We now turn to a model of the N N  system which includes large inelasticity 
in the region of interest, in order to further explore the effects of the higher 
order resonances in the tower of states model. We know th a t in other partial 
waves the true N N  system has much larger inelasticities than  those found 
for our basic models, thus it seems reasonable to explore regions of large 
inelasticity.
We must begin by more clearly defining the process by which we created 
these models. Rather than try  to fit the known inelasticities of the N N  
system with a  tower model, we chose a simpler course of action, in keeping 
with a first exploration of these concepts. First, a  set of d a ta  was created, 
based on Model 31, which has much larger inelasticities. Then, a  one-member 
tower model, similar to Model 1, was fit to  the low energy d a ta  of this new
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data set. The full set of calculations were then completed for both the new 
data and the new model. This gives us insight into the question of large 
inelasticity in the simplest and most direct way possible.
The large inelasticity data set was created by adjusting the Roper cou­
plings of Model 31, that is, gu , 9 2 2 , and <723, such that the inelasticity p 
increased to 40-50 degrees, while maintaining the shape of the phase shifts 
as much as possible. We also keep intact the restrictions placed on the cou­
plings in Section 4.1. The parameters for this set of data, which we call the 
LI D ata Set, can be found in Table 4.4, while the phase shifts below 350 MeV 
are in Table 4.5. Note that the changes in the phase shift are very slight for 
the singlet case, but somewhat more pronounced in the triplet (see Table 4.2 
for the Nijmegen 1993 phase shift data). The inelasticities for this data set 
are plotted in Fig. 4.6. The rather unusual shape of the singlet inelasticity 
does not concern us here, as we are not in any way trying to reproduce the 
known np  inelasticities.
Now that we have our data, we can proceed to the fitting procedure for 
the one-member tower model. Indeed, the procedure is identical to that used 
to produce all of the previous fits, save th a t now we are fitting to the LI Data 
Set below 350 MeV. The parameters obtained in the fitting process for this 
model, which we call Model 1LI, are also given in Table 4.4. The deuteron
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Table 4.4: Parameters in the LI Data Set and Model 1LI. Numbers in bo ld  
face were varied during the fitting procedure. The form factor parameters 
and all masses are in GeV; all the coupling constants have dimensions GeV4.
LI Data Set Model 1LI
Param eter % 3Si % 3Si
a 0.197750 0.150054 0.197579 0.075051
0 1.10168 1.28994 1.10175 1.31118
7 0.172141 0.129887 0.172310 0.058073
Pc 0.3492 0.412689 0.3492 0.412689
9 n -1511.44 -1906.51 -1534.46 -2758.70
9 l2 200.0 1000.0
9l3 200.0 -600.0
922 -60.0 -600.0
923 1700.0 800.0
<?33 -60.0 -600.0
x 2 0.029 31.60
777. i 0.93825 0.93825
7772 1.17
7773 1.52
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Table 4.5: Values for the phase shifts below 350 MeV for the LI D ata Set.
Tlab lSo 3Si
1.0 55.63 140.6
5.0 61.25 109.1
10.0 58.52 93.78
25.0 50.06 73.11
50.0 40.01 57.21
75.0 32.46 47.31
100.0 26.24 39.84
125.0 20.94 33.78
150.0 16.2 28.57
175.0 11.96 24.02
200.0 8.003 19.89
225.0 4.384 16.17
250.0 1.022 12.73
275.0 -2.322 9.559
300.0 -5.284 6.62
325.0 -8.146 3.86
350.0 -10.87 1.284
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Figure 4.6: The singlet and triplet inelasticities for the LI Data Set. The 
unusual shape of the singlet inelasticity does not concern us at the present 
time.
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Table 4.6: Binding energy of the deuteron as calculated in our large inelas­
ticity case. The percent error shown is the error between the calculated value 
and the expected value of 2.22 MeV. The energies are given in MeV.
LI Data Set Model 1LI
Binding Energy 2.47 2.33
Percent Error 11.3 5.0
binding energy for both the da ta  set and the model are given in Table 4.6. 
The reader should not be concerned about the apparently large value of x 2 
for the triplet fit of Model 1LI, as we shall see in a moment, the fit is quite 
satisfactory for our purposes.
First, we examine the phase shifts out to 1.2 GeV, shown in Fig. 4.7. 
Already we can see the presence of the resonances at the tail of both sets of 
phase shifts. Note that the kink in the triplet phase shift for the LI D ata 
Set is the result of the presence of the inelastic threshold; indeed, it occurs 
exactly at the onset of inelasticity.
We now turn our attention to Fig. 4.8, the deuteron wave function for the 
LI D ata Set and Model 1LI. Here again we can see tha t the inelastic effects 
are much stronger than in the previous case. The ip2 and ips components are 
much stronger here, causing a  visible split between the ifii components of the 
model versus the data set.
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Figure 4.7: The phase shifts to 1.2 GeV for the Model 1LI (solid line) and 
the LI Data Set (black circles). Note that the kink in the triplet phase shift 
for the LI Data Set occurs exactly at the inelastic threshold.
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Figure 4.8: Deuteron wave functions for Model 1LI (solid curves) and the 
LI Data Set (broken curves). In the lower graph, the dotted curve is and 
the dashed curve is ip2 - These wave functions are dimensionless due to the 
manner in which they are normalized.
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Finally, we come to the m ost dramatic demonstration of the effects of 
the resonances: the deuteron form factor in the large inelastic case, shown 
in Fig. 4.9. Note the pronounced splitting between the model and the data, 
as well as the slight shift in the zero. Clearly, the resonances are having 
a  significant effect on this particular calculation, especially in the region of 
large inelasticities. We shall summarize our thoughts on this m atter in the 
next chapter.
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Figure 4.9: The deuteron form factor for our large inelasticity model and 
data  set. The curves are as in Fig. 4.8. Note that we have normalized the 
form factor to be one at q2 =  0.
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Chapter 5
CONCLUSIONS
We would now like to summarize the major conclusions of this work, and 
briefly discuss possibilities for future research in this area. Our major con­
clusions from this research are:
• The low energy N N  data  can be fit by tower models using either the 
proton alone (Model 1) or a  tower consisting of the proton, the Roper, 
and the D13 (Models 3 and  31). Model 1 has three parameters in both 
the singlet and triplet case; Models 3 and 31 have five parameters each. 
It has been noted that the fits do not depend strongly on the coupling 
constants, but rather on the three form factor parameters. There­
fore, certain symmetries have been exploited in fixing several of the 
remaining coupling constants. It is not the numbers, but the propor-
110
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tions which concern us in the choice of the coupling constants. In the 
case of Model 31, the Roper mass is set equal to 1.17 GeV, in order 
to increase the inelasticity which appears within our range of interest 
(T l a b  =  0 — 1.2 GeV). We see only slight effects from this inelasticity 
on such properties of the deuteron as its wave function and form factor.
•  Three-member tower models which have small inelasticity fit the data 
just as well as models having no inelasticity, and small inelasticities do 
not have a  major effect on the deuteron form factor. The differences 
between these models and a model with no higher order resonances 
are slight, and thus one might conclude th a t no further investigation is 
warranted. However, unless the large inelasticity region is explored, we 
cannot be sure whether our effects are small because the inelasticities 
themselves are small, or because the resonances truly have no m ajor 
effect on the system.
• In order to explore large inelasticity in our region of interest, an ad­
justed data  set was produced by increasing the Roper couplings in 
Model 31. This large inelasticity data set was then fit below 350 MeV 
using a proton-only tower model. We see much larger effects of the 
resonances a t these large inelasticities, therefore, we cannot simply dis-
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miss the effects of the resonances out of hand. Further investigation 
is needed to  determine the  extent of the effects produced by the reso­
nances a t large inelasticities.
• The higher order nucleon resonances do have effect on the properties 
of the deuteron, specifically, they can change the deuteron form factor 
tail by approximately a factor of two. This effect could be substantial, 
depending on the size of the error bars in one’s data. W ith Jefferson 
Lab preparing to explore this very region in detail, we may soon have 
the chance judge the importance of this effect ourselves. Additionally, 
since we have begun with the simplest of models, we can only assume 
that more sophisticated models of the N N  interaction will also show 
some effects from the inclusion of nucleon resonances. Especially when 
dealing with higher lab energies, it may no longer be possible to assume 
that contributions from these resonances may be neglected, as has been 
done in the past. Further study is certainly warranted as we begin to 
explore these new possibilities.
In this dissertation, we have demonstrated that, even in this first, simple 
model of the N N  system, the presence of the higher resonances of the nucleon 
can have a  substantial effect on various important quantities which describe 
both the system itself and the bound state. Many avenues of exploration
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present themselves as means of continuing this work. We delineate several 
possibilities below.
• The deuteron electrodisintegration cross section has been developed 
theoretically, but not calculated. This important quantity should be 
examined numerically to check for additional effects of the presence of 
the nucleon resonances.
• Both the deuteron electrodisintegration cross section and the form fac­
tor have been developed for diagonal contributions of the electromag­
netic current only. Off-diagonal terms should also be calculated, and 
changes in the results interpreted.
• While the form factor includes contributions from the interaction cur­
rent, the deuteron electrodisintegration cross section does not. These 
should also be calculated, along with contributions from final state in­
teractions as well.
• It would be most interesting to see the effects of proceeding above the 
production threshold of the various tower members on the deuteron 
electrodisintegration cross section. The effects could be substantial, 
and would be of importance to work being done at Jefferson Lab.
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• Finally, a  more sophisticated tower of states model should be developed, 
to explore the effects of the resonances in a more realistic system. Such 
a model should include spin, a more robust interaction between the 
nucleons, and improved form factors.
Clearly, there is still much to be gained by continuing to explore the 
simple system of two nucleons. As the planned program of physics proceeds 
at Jefferson Lab, we will continue to refine our understanding of the nucleon, 
its interactions, and its components.
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